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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 33 |. This is test number [ 146 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (33 ) | 0.00 (0)
Mathematica | 100.00 ( 33 ) | 0.00 (0 )
Maple | 90.91 (30) | 9.09 (3)
Fricas 45.45 (15) | 54.55 (18)
Giac 45.45 (15) | 54.55 (18)
Maxima 36.36 (12) | 63.64 (21)
Sympy 3333 (11) | 66.67 (22)
Mupad 9.09 (3) |90.91(30)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 90.91 0.00 9.09 0.00
Maple 81.82 3.03 6.06 9.09
Giac 36.36 9.09 0.00 54.55
Maxima 33.33 3.03 0.00 63.64
Sympy 33.33 0.00 0.00 66.67
Fricas 30.30 15.15 0.00 54.55
Mupad N/A 3.03 0.00 90.91

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 3 100.00 % 0.00 % 0.00 %

Fricas 18 100.00 % 0.00 % 0.00 %

Giac 18 94.44 % 5.56 % 0.00 %

Maxima 21 85.71 % 0.00 % 14.29 %

Sympy 22 100.00 % 0.00 % 0.00 %

Mupad 30 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median

Rubi 0.15 151.64 0.94 124.00 1.00
Mathematica | 0.30 188.30 1.14 138.00 1.21

Maple 1.11 210.73 1.46 174.50 1.42
Maxima 0.40 141.83 1.12 131.00 1.20

Fricas 2.52 218.07 1.68 127.00 0.94
Sympy 0.83 175.73 1.23 170.00 1.42

Giac 8.53 403.67 4.25 160.00 1.19
Mupad 0.13 23.00 0.32 -1.00 -0.05

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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1.4 list of integrals that has no closed form
antiderivative

(29 30]
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each CAS
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1}2}[3} 4[5} [6}[7} 8} 9} 10} 1 1,[12}[13} 14 [L5} [16} [17], 18} 19} 20} 21} 22} [23} [24} [25, [26} 27
[28,29/30,31}[32,33] }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

gd{}@plﬂlﬂlﬁl
28,29, 30

B grade: { }

C grade: { 31,3233}
F grade: { }

2.1.3 Maple
f\ grade: { [1}[2} 3} 4,5} 6} 748} [9 [L0} [L T} [12} [14, [T5}[16}, 17} [T, [19} 20} 21} [22} [23} 24} [25},[26}, 29} [30]

B grade: {[13]}
C grade: { 27,28 }
F grade: { }

2.1.4 Maxima

A grade: { [16,[17,[18} [19} [21} 23} 24} [25} 26} [29} 3] }
B grade: {[11]}
C grade: { }

F grade: { [1}[2}[3} 4[5}[6}[7} 8 9} [10}[12}[13, [14,[15] 20} 22} |27} [28 31} 32, 33] }
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2.1.5 FriCAS

A grade: { [L1}[16,[17,[18[19} 24} [25] [26] 291 30] }
B grade: { }
C grade: { }

F grade: { [1}[2}[3} 4[5}6} 7} 8 [9}[10}[12} 13, [14, 15} 20} 22} [27} [28) }

2.1.6 Sympy
A grade: { [16}17}[18} [I9} [21} 23] 24} 25} [26}[29}[30] }

B grade: { }

C grade: { }

F grade: { 23 AE/B/1E B0 D 33 A5 M2 ES BLEE )
2.1.7 Giac

A grade: { [L1}[16}[17,[L8}[19}[24} 25} 26} [29} 30} 31, 2] }
B grade: { 21}[23,[33] }

C grade: { }
F grade: { [1}[2}[3,[4 5}[6} [7,/8 [% [L0} [12} [13} [L4} [L5} [20} 22} 27} 28] }
2.1.8 Mupad

A grade: { }
B grade: { 21| }
C grade: { }

gd{}@l@lﬂ@
31,8283
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

_antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

fined as

grade A A A A F F F F F
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 144 144 180 205 0 0 0 0 -1
N.S. 1 1.00 1.25 1.42 0.00 0.00 0.00 0.00 -0.01

time (sec) N/A 0.134 0.51 0.892  0.000 0.000 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 115 115 138 186 0 0 0 0 -1
N.S. 1 1.00 1.20 1.62 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.093 0.101 0.621 0.000  0.000 0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 82 82 115 163 0 0 0 0 -1
N.S. 1 1.00 1.40 1.99 0.00 0.00 0.00 0.00 -0.01

time (sec) N/A 0.075 0.054 0.234 0.000 0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 107 156 0 0 0 0 -1
N.S. 1 1.00 1.41 2.05 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.044 0.044 0.365 0.000  0.000 0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 71 71 104 168 0 0 0 0 -1
N.S. 1 1.00 1.46 2.37 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.079 0.094 0.376 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 107 107 158 168 0 0 0 0 -1
N.S. 1 1.00 1.48 1.57 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.104 0.152 0.619 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 124 124 150 283 0 0 0 0 -1
N.S. 1 1.00 1.21 2.28 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.133 0.284 0.964 0.000  0.000 0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 180 180 294 264 0 0 0 0 -1
N.S. 1 1.00 1.63 1.47 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.168 0.172 1.092 0.000  0.000 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 155 155 203 281 0 0 0 0 -1
N.S. 1 1.00 1.31 1.81 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.132 0.261 0.999 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 136 136 251 228 0 0 0 0 -1
N.S. 1 1.00 1.85 1.68 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.094 0.129 0.487 0.000  0.000 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 49 98 136 54 0 100 -1
N.S. 1 1.00 0.86 1.72 2.39 0.95 0.00 1.75  -0.02
time (sec) N/A 0.035 0.043 0.168 0.479 2.680 0.000 0.441 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 132 132 220 228 0 0 0 0 -1
N.S. 1 1.00 1.67 1.73 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.067 0.139 0.202 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A B F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 122 122 152 340 0 0 0 0 -1
N.S. 1 1.00 1.25 2.79 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.123 0.292 1.216 0.000  0.000 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 177 177 251 257 0 0 0 0 -1
N.S. 1 1.00 1.42 1.45 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.134 0.254 0.632 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 159 159 217 347 0 0 0 0 -1
N.S. 1 1.00 1.36 2.18 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.188 0.428 0.635 0.000  0.000 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 149 149 153 177 167 127 211 165 -1
N.S. 1 1.00 1.03 1.19 1.12 0.85 1.42 1.11 -0.01
time (sec) N/A 0.087 0.100 0.187 0.475 2729 0.492 0.419 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 120 120 125 161 146 113 177 141 -1
N.S. 1 1.00 1.04 1.34 1.22 0.94 1.48 1.18  -0.01
time (sec) N/A 0.092 0.081 0.108 0.470 2.880 0.344 0.407 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 122 122 131 172 126 107 158 121 -1
N.S. 1 1.00 1.07 1.41 1.03 0.88 1.30 099 -0.01
time (sec) N/A 0.062 0.074 0.158 0.487 2473 0.245 0.441 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 81 81 91 112 96 87 114 91 -1
N.S. 1 1.00 1.12 1.38 1.19 1.07 1.41 1.12 -0.01
time (sec) N/A 0.050 0.052 0.006 0.481 2.563 0.147 0.421 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 132 132 124 130 0 0 0 0 -1
N.S. 1 1.00 0.94 0.98 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.177 0.136  0.569 0.000  0.000 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 66 66 80 79 83 160 78 859 71
N.S. 1 1.00 1.21 1.20 1.26 2.42 1.18 13.02 1.08
time (sec) N/A 0.053 0.045 0.010 0.487 2990 2.358 0.735 0.376
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 119 119 105 148 0 0 0 0 -1
N.S. 1 1.00 0.88 1.24 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.167 0.100 1.383 0.000  0.000 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy  Giac  Mupad
grade A A A A A B A B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 130 119 121 184 170 3082 -1
N.S. 1 1.00 1.53 1.40 1.42 2.16 2.00 36.26 -0.01
time (sec) N/A 0.062 0.045 0.010 0.478  3.893 3.018 122.203 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 135 135 99 169 160 110 197 160 -1
N.S. 1 1.00 0.73 1.25 1.19 0.81 1.46 1.19 -0.01
time (sec) N/A 0.096 0.074 0.133 0.476  3.325 0.342 0.416 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 205 205 149 270 267 168 326 270 -1
N.S. 1 1.00 0.73 1.32 1.30 0.82 1.59 1.32 -0.00
time (sec) N/A 0.174 0.098 0.133 0.469 2342  0.719 0.448 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 292 292 212 393 400 239 502 408 -1
N.S. 1 1.00 0.73 1.35 1.37 0.82 1.72 1.40 -0.00
time (sec) N/A 0.238 0.112 0.155 0.464 2.281 1.491 0.436 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 521 521 811 224 0 0 0 0 -1
N.S. 1 1.00 1.56 0.43 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 0.559 0.772 11.921  0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 727 727 1065 796 0 0 0 0 -1
N.S. 1 1.00 1.46 1.09 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.735 1.527  7.592 0.000  0.000 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.012 2.099 0.603 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.011 1.554 0.724 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F(-2) B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 66 66 68 0 0 276 0 75 -1
N.S. 1 1.00 1.03 0.00 0.00 4.18 0.00 1.14 -0.02
time (sec) N/A 0.067 0.056 0.417 0.000 2.835 0.000 0.439 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F(-2) B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 136 136 120 0 0 580 0 185 -1
N.S. 1 1.00 0.88 0.00 0.00 4.26 0.00 1.36  -0.01
time (sec) N/A 0.108 0.144 0.417 0.000  3.851 0.000 0.521 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F(-2) B F B F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 211 211 162 0 0 1066 0 398 -1
N.S. 1 1.00 0.77 0.00 0.00 5.05 0.00 1.89  -0.00
time (sec) N/A 0.581 0.220 0.405 0.000 2.958 0.000 0.648 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [1] had the largest ratio of [25]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 8 8 1.00 25 0.320
2 A 8 6 1.00 25 0.240
3 A ) ) 1.00 23 0.217
4 A 6 4 1.00 22 0.182
5! A 7 ) 1.00 25 0.200
6 A 10 8 1.00 25 0.320
7 A 9 7 1.00 25 0.280
3 A 12 9 1.00 25 0.360
9 A 8 8 1.00 25 0.320
10 A 8 6 1.00 25 0.240
11 A 2 2 1.00 23 0.087
12 A 8 6 1.00 22 0.273
13 A 9 7 1.00 25 0.280
14 A 13 11 1.00 25 0.440
15 A 12 9 1.00 25 0.360
16 A 6 6 1.00 19 0.316
17, A ) ) 1.00 19 0.263
18 A 4 4 1.00 17 0.235
19 A 4 3 1.00 16 0.188
20 A 12 12 1.00 19 0.632
21] A ) 6 1.00 19 0.316
22 A 10 10 1.00 19 0.526
23] A 6 7 1.00 19 0.368
24 A 5 5 1.00 14 0.357
25) A ) ) 1.00 14 0.357
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
26 A ) 5 1.00 14 0.357
27| A 18 6 1.00 14 0.429
28 A 26 9 1.00 14 0.643
29 A 0 0 0.00 0 0.000
30 A 0 0 0.00 0 0.000
31 A 6 7 1.00 16 0.438
32 A 7 9 1.00 16 0.562
33 A 8 10 1.00 16 0.625
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Listing of integrals

Local contents
31 fo(aerArcCos(cz)) dz
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3.1 f x3(a+bAI‘CCOS(cx)) dx

d—c2dz?

Optimal. Leaf size=144

brv1—c*x?  z?(a + bArcCos(cz)) +i(a + bArcCos(cz))®  bArcSin(cz) (a+ bArcCos(cz)) log (1—e*
4c3d 2c2d 2bctd 4ctd cid

[Out] -1/2*x"2*(atb*arccos(c*x))/c”2/d+1/2xI*x(a+b*arccos(c*x))~2/b/c"4/d-1/4*b*xar
csin(c*x)/c”4/d-(at+b*arccos (c*x) ) *1In(1-(ckx+I*(-c™2*xx"2+1)~(1/2))"2) /c"4/d+
1/2xIxbxpolylog(2, (c*x+I*(-c™2%x"2+1)7(1/2))"2) /c"4/d+1/4*b*x* (-c"2%x"2+1) "
(1/2)/c~3/d

Rubi [A]
time = 0.13, antiderivative size = 144, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.320,

steps used = 8, number of rules used = 8, integrand size = 25,
Rules used = {4796, 4766, 3798, 2221, 2317, 2438, 327, 222}

i(a + bArcCos(cz))?  log (1 — e2AreCos(e) (g + bArcCos(cz))  22(a + bArcCos(cz)) " ibLip (e%A1Cs(®®))  pArcSin(cz) = bzv1— cz?
2bctd cid 2c¢2d 2cd 4ctd 4c3d

Antiderivative was successfully verified.
[In] Int[(x"3*(a + b*ArcCos[c*x]))/(d - c~2*d*x"2),x]

[Out] (b*x*Sqrt[1 - c~2*x72])/(4*c~3*%d) - (x"2*(a + b*ArcCos[c*x]))/(2%c”2xd) + (
(I/2)*(a + bxArcCos[c*x])~2)/(b*c"4*d) - (b*ArcSin[c*x])/(4xc~4*d) - ((a +
b*ArcCos [c*x])*Log[1 - E~((2*I)*ArcCos[c*x])])/(c"4*xd) + ((I/2)*bxPolyLogl[2

, EZ((2*I)*ArcCos[c*x])])/(c"4%*d)

Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + D*((a + b*xx"n)"(p + 1)/(b*x(m + n*p + 1))), x] - Distl[
axcnx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
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))°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E” (2%I*%k*Pi) ¥ (E~(2xIx(e + f*x))/(1 + E~(2%I*xk*Pi)*E~(2xI*x(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4766

Int[(((a_.) + ArcCos[(c_.)*(x )I*(b_.))"(n_.)*(x_))/((d) + (e_.)*(x_)"2),
x_Symbol] :> Dist[1/e, Subst[Int[(a + b*x) n*Cot[x], x], x, ArcCos[c*x]], x
1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 4796

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*¥(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)~(m - 1)*(d + exx"2)"(p + 1)*((a +
bxArcCos [c*x])"n/(ex(m + 2xp + 1))), x] + (Dist[£72*x((m - 1)/(c™2x(m + 2%p
+ 1)), Int[(f*x)"(m - 2)*(d + e*x"2) p*(a + b*ArcCos[c*x])"n, x], x] - Di
st[b*xf*(n/(cx(m + 2%p + 1)))*Simp[(d + e*x"2)"p/(1 - c”2xx~2)"pl, Int[(£f*x)
“(m - 1D)*x(1 - c”2%x72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; Fr
eeQ[{a, b, c, 4, e, f, p}, x] && EqQlc™2*d + e, 0] && GtQ[n, 0] && IGtQ[m,
1] && NeQ[m + 2xp + 1, 0]

Rubi steps
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[rerberlle) , Slatbosii) e e R
d — c%da? 2c2d c? 2cd

_bav1l—c2?  a’(a+bcosT(cx)) Subst ([(a+ bz) cot(z) dz, z, cos™*(ca

B 4c3d 2c2d ctd

_bavi-ca? z2(a + bcos™!(cx)) N i(a + beos™(cz))? _ bsin™!(cx) N (_2
4c3d 2c2d 2bctd 4ctd

_bavl-ca? z?(a + beos™!(cz)) N i(a + beos(cz))? _ bsinTH(ex) (_a
4c3d 2c2d 2bctd 4ctd

_bavi—cia®  2’(a+bceos (cx)) N i(a + beos(cz))? _bsin!(cz) (_a
4c3d 2c2d 2bctd 4ctd

_bavl—ct?  a*(a+beos”(cx)) N i(a + beos(cz))? _bsin!(cz) (_a

B 4c3d 2c2d 2bctd 4ctd

Mathematica [A]
time = 0.15, size = 180, normalized size = 1.25

2ac*z? — bezv/1 — c2a? + 2bc*z*ArcCos(cz) — 2ibArcCos(cr)?® + 2bArcTan< ) + 4bArcCos(cz) log (1 — e/ArCos(=0)) 4 4bArcCos(cz) log (1 + e"47C()) + 2alog (1 — ¢*z?) — 4ibPolyLog(2, —e'A™Co(<2)) — 4ibPolyLog (2, e¥ArCos())

-1+V1 — z?

4ctd

Antiderivative was successfully verified.

[In] Integrate[(x~3*(a + bxArcCos[c*x]))/(d - c~2*d*x~2),x]

[Out] -1/4%(2*%a*c™2*%x"2 - bkc*kx*Sqrt[1 - c™2xx"2] + 2%b*c™2*x"2*ArcCos[c*x] - (2%
I)*b*ArcCos [c*x] "2 + 2*bxArcTan[(c*x)/(-1 + Sqrt[1 - c™2*x72])] + 4xbxArcCo
s[cxx]*Log[1 - E~(I*ArcCos[c*x])] + 4xbxArcCos[c*x]*Log[1l + E~(I*ArcCos[c*x

1)1 + 2%a*Log[l - c~2*x"2] - (4*I)*b*PolyLog[2, -E~(I*ArcCos[c*x])] - (4%I)
*xbxPolyLog[2, E~(I*ArcCos[c*x])])/(c™4*d)

Maple [A]
time = 0.89, size = 205, normalized size = 1.42

method result

barccos(cz) In <l—cw—i _C2$2 + 1 > barccos(cz) 1n<1+cw+i VvV —

_a 252 _aln(cz—1) aln(cz+1) + ib arccas(cz)2 _
2d 2d 2d d d

derivativedivides 2d

barccos(cz) In <17cm7i _02.'1;2 + 1 > barccos(cz) 1n<1+cz+i VvV —

_a 242 _aln(cz—1) aln(cz+1) + ib arccos(c:t)2 _
2d 2d

default 2d 2d

d d

Verification of antiderivative is not currently implemented for this CAS.



38

[In] int(x"3*(at+b*arccos(c*x))/(-c~2*d*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] 1/c”4x(-1/2%a/d*c”2*x"2-1/2*a/d*1n(c*x-1)-1/2%a/d*1n(c*x+1)+1/2*I*b/d*arcco
s(c*x) “2-b/d*arccos (c*x) *1n(1-c*x-I*(-c~2*x~2+1) " (1/2))-b/d*arccos (c*x) *1n(
1+c*x+I* (-c™2%x72+1) " (1/2) ) +I*b/d*polylog(2, c*xx+I*(-c~2xx~2+1)~(1/2))+I*b/d
*polylog(2,-c*x-I*(-c~2%x"2+1)~(1/2))-1/4*b/d*arccos (c*x) *cos (2*arccos (c*x)
)+1/8%b/d*sin(2*arccos(c*x)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3x*(atb*arccos(c*x))/(-c~2xd*x~2+d),x, algorithm="maxima")

[Out] -1/2%a*(x"2/(c”2%d) + log(c™2*x"2 - 1)/(c”4*d)) + 1/2%(2xc~4*d*integrate(l/
2% (c"2*x"2xe~ (1/2*1log(c*x + 1) + 1/2%log(-c*x + 1)) + e~ (1/2*log(c*xx + 1) +
1/2%log(-c*x + 1))*log(cxx + 1) + e~ (1/2+log(c*x + 1) + 1/2*log(-c*x + 1))
*xlog(-c*x + 1))/(c™7*d*x"4 - c™5*d*x"2 + (c~5*d*x"2 - c~3*d)*e” (log(c*x + 1

) + log(-c*x + 1))), x) - (c™2*%x"2 + log(c*x + 1) + log(-c*x + 1))*arctan2(
sqrt(c*x + 1)*sqrt(-c*x + 1), c*x))*b/(c"4*d)

Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c™2xd*x~2+d) ,x, algorithm="fricas")

[Out] integral(-(b*x~3*arccos(c*x) + a*x~3)/(c™2*d*x~2 - d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ o g [ sl gy

c2x2—1 c2x2—1
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a+b*acos(c*x))/(—c**x2*xd*x**2+d) ,x)

[Out] -(Integral (a*x**3/(c**2*x**2 - 1), x) + Integral (b*x**3%acos(c*x)/(ck*2*x*x*
2-1), x))/d

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3x*(atb*arccos(c#*x))/(-c~2*d*x"2+d),x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)*x~3/(c"2xd*x"2 - d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

23 (a + bacos(cz))
/ d— c2dz? de

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x~3*(a + b*acos(c*x)))/(d - c~2*d*x"2),x)
[Out] int((x"3*(a + b*acos(c*x)))/(d - c~2xd*x"2), x)
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3.9 f xQ(a+bAI‘CCOS(cx)) dx

d—c2dz?
Optimal. Leaf size=115
bv1—c2z?  x(a + bArcCos(cz)) 2(a+ bArcCos(cz)) tanh™" (efAreCosien))  jpPolyLog (2, —eAreCos(«e))

c3d - c2d + c3d c3d +

[Out] -x*(atb*arccos(c*x))/c~2/d+2*(a+b*arccos(c*x))*arctanh(cxx+I*(-c™2*x"2+1) " (
1/2))/c”3/d-I*b*polylog(2,-c*x-I*(-c~2*xx"2+1)~(1/2))/c~3/d+I*b*polylog(2,c*
X+I*(-c™2*x"2+1)~(1/2)) /c~3/d+bx(-c~2*x~2+1)~(1/2) /c~3/d

Rubi [A]
time = 0.09, antiderivative size = 115, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.240,

steps used = 8, number of rules used = 6, integrand size = 25,
Rules used = {4796, 4750, 4268, 2317, 2438, 267}

2tanh™" (e*ArCos(«2)) (g + bArcCos(cz))  z(a+ bArcCos(cz))  bLip(—eiArCos(@)) Ly (efAreCos(e))  py/1 — (242
= + +
cd cd c3d cd c3d

Antiderivative was successfully verified.
[In] Int[(x"2*(a + b*ArcCos[c*x]))/(d - c~2*xd*x"2),x]

[Out] (bxSqrt[1 - c™2*x~2])/(c”3%d) - (xx(a + b*ArcCos[c*x]))/(c™2*d) + (2%(a + b
*xArcCos [c*x] ) *ArcTanh [E™ (I*ArcCos [c*x])])/(c"3%d) - (IxbxPolyLog[2, -E~(I*A
rcCos[c*x])]1)/(c"3*d) + (I*b*xPolyLogl[2, E~(I*ArcCos[c*x])])/(c"3x*d)

Rule 267

Int [(x_)~(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[(a + b*x"n)
“(p + 1)/(b*n*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 4268

Int[cscl(e_.) + (£_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) “mx(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
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*x)"(m - 1)*Logl[l - E~(I*x(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - *Logl[l + E(Ix(e + f*x))], x], x]1) /; FreeQl{c, 4, e, f}, x] && IGtQ
[m, O]

Rule 4750

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Dist[-(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc~2*d + e, 0] && IGtQ[n, O]

Rule 4796

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.)) " (n_.)*((f_.)*(x_))"(m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)~(m - 1)*(d + exx"2)"(p + 1)*((a +
bxArcCos [c*x])"n/(ex(m + 2%xp + 1))), x] + (Dist[£72*x((m - 1)/(c™2x(m + 2%p
+ 1)), Int[(f*x)"(m - 2)*(d + e*x~2) p*(a + b*ArcCos[c*x])"n, x], x] - Di
st [b*xf*(n/(cx(m + 2%p + 1)))*Simp[(d + e*x"2)"p/(1 - c”2%xx~2)"pl, Int[(f*x)
“(m - 1)*(1 - c™2xx72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; Fr
eeQ[{a, b, c, d, e, f, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && IGtQ[m,
1] && NeQ[m + 2*p + 1, 0]

Rubi steps
[losbeen) ,__soben ) [0 e
d — c2dx? cd c? cd

bvV1—c22?2  x(a+bcos ' (cz)) Subst([(a+ bx)csc(x)dz, z,cos™ (cz))

cd c2d cd

- =1 jicos™!(cz
bV1—c?x?2  z(a+ becos™(cx)) N 2(a + beos™(cz)) tanh (e ( ))

cd c2d c3d

- =1 ( jicos™!(cx
bV1—c?x?2  z(a+ bcos™(cx)) N 2(a+ beos™(cz)) tanh (6 ( )>

cd c2d cd

- =1 ( jicos™!(cx
bV1—c2z?2  z(a+ beos™(cz)) N 2(a + beos™'(cz)) tanh (6 ( )>

cd c2d cd

Mathematica [A]
time = 0.10, size = 138, normalized size = 1.20

2acz — 2bV/1 — 222 + 2bcxArcCos(cx) + 2bArcCos(cz) log (1 — eiAreCes(<?)) — 2pArcCos(cz) log (1 + e™AreCos(«@)) + qlog(1 — cx) — alog(1 + cz) + 2ibPolyLog (2, —e'A1°C*(<?)) — 2bPolyLog|(2, e'AreCos(e2))
2c3d

Antiderivative was successfully verified.

+
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[In] Integrate[(x"2*(a + b*ArcCos[c*x]))/(d - c~2*d*x~2),x]

[Out] -1/2%(2%a*c*x - 2xb*Sqrt[1 - c”2*x72] + 2%b*c*x*xArcCos[c*x] + 2*b*ArcCos[c*
x]*Log[1 - E~(I*ArcCos[c*x])] - 2xbxArcCos[c*x]*Log[1l + E~(I*ArcCos[c*x])]

+ axLog[l - c*xx] - axLogl[l + cx*x] + (2*%I)*b*PolyLogl[2, -E~(I*ArcCos[c*x])]

- (2%I)*b*PolyLog[2, E~(I*ArcCos[c*x])])/(c~3%d)

Maple [A]
time = 0.62, size = 186, normalized size = 1.62
method result
barccos(cz) In <1+cm+i —621;2 + ]. > barccos(cz) 1n<1—cm—i —021'2 + 1 )
. . L. _M_aln(cm—l)+aln(cx+l)+ _ _ bar
derivativedivides 4 24 2d 4 4 p
barccos(cz) ln(1+c:v+i _C2.'E2 + 1 > barccos(czx) 1n<1—c:v—i _Csz + 1 )
_&_aln(cz—l)_i_aln(cw-&-l)_i_ _ _bar
default d 2d 2d d d —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(atb*arccos(c*x))/(-c~2*d*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] 1/c”3*(-a/d*c*xx-1/2*a/d*1n(c*x-1)+1/2*a/d*1n(c*x+1)+b/d*arccos(c*x) *1n(1+cx*
x+I*(-c™2xx"2+1) " (1/2))-b/d*arccos (c*x) *1n(1-c*x-I* (-c~2*xx"2+1) "~ (1/2) ) -b/d*
arccos (cxx) *cxx+I*b/d*dilog(1-c*x-I*(-c~2*x"2+1)~(1/2) )-I*b/d*dilog(1+c*x+I
*(—c”2%x"2+1)7(1/2) ) +b/d*x (-c~2*x"2+1)~(1/2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(atb*arccos(c#*x))/(-c~2*d*x"2+d),x, algorithm="maxima")

[Out] -1/2%a*(2*x/(c”2*%d) - log(c*x + 1)/(c"3*d) + log(c*x - 1)/(c”3*d)) - 1/2%(2
xc~3*d*integrate(-1/2*(2*c*x - log(c*x + 1) + log(-c*x + 1))*sqrt(c*x + 1)x*
sqrt(-cxx + 1)/(c™4*d*x"2 - c”2*%d), x) + (2*c*x - log(c*x + 1) + log(-c*x +

1) )*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x))*b/(c"3*d)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(atb*arccos(c#*x))/(-c~2*d*x"2+d),x, algorithm="fricas")
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[Out] integral(-(b*x~2*arccos(c*x) + a*xx~2)/(c"2xd*x"2 - d), x)
Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

ax? bx? acos (cx)
f c2z2—1 dx + f c2z2—1 dx

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(a+b*acos(c*x))/(—c**x2*xd*x**2+d) ,x)

[Out] -(Integral (axx**2/(cx*2*xx**2 - 1), x) + Integral (b*xx**2*acos(c*x)/(c**x2xx**
2-1), x))/d

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccos(c*x))/(-c™2*d*x"2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)*x~2/(c”2xd*x"2 - d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
/ z? (a + bacos(cz)) .
d—c?dz?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2*(a + b*acos(c*x)))/(d - c~2xd*x"2) ,x)
[Out] int((x~2*(a + b*acos(c*x)))/(d - c™2xd*x"2), x)
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3.3 [ 2(a+bArcCos(cz)) ;.

d—c2dz?

Optimal. Leaf size=82

i(a + bArcCos(cz))?  (a + bArcCos(cz)) log (1 — e2AreCes(«@))  jpPolyLog(2, e2AreCos(ea))
2bc%d c2d T 2¢2d

[Out] 1/2*I*(a+b*arccos(c*x))~2/b/c"2/d-(at+b*arccos(c*x))*1n(1-(ckx+I*(-c~2xx"2+1
)~(1/2))"2) /c~2/d+1/2*I*b*polylog(2, (c*x+I*(-c™2*x~2+1)~(1/2))"2)/c~2/d

Rubi [A]
time = 0.08, antiderivative size = 82, normalized size of antiderivative = 1.00, number of

number of r1_11es — 0.217
’ integrand size ’

steps used = 5, number of rules used = 5, integrand size = 23
Rules used = {4766, 3798, 2221, 2317, 2438}

i(a + bArcCos(cz))?  log (1 — e¥AreCosie®)) (g + bArcCos(cz)) N ibLi, (g2iArcCos(co))
2bc%d c2d 2c2d

Antiderivative was successfully verified.
[In] Int[(x*(a + b*ArcCos[c*x]))/(d - c~2xd*x"2),x]

[Out] ((I/2)*(a + b*ArcCos[c*x])~2)/(b*c™2+d) - ((a + bxArcCos[c*x])*Logl[l - E~((
2xI)*ArcCos[c*x])])/(c”2%d) + ((I/2)*b*PolyLog[2, E~((2*I)*ArcCos[c*x])])/(
c”2xd)

Rule 2221

Int [CC(F)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol]l :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*(e + f*x)
))"n/a)l, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2

, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 3798
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Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E~ (2%Ixk*Pi) * (E~(2%xIx(e + f*x))/(1 + E~(2%xI*xk*Pi)*E~(2*xI*(e + f*x)))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, O]

Rule 4766

Int[(((a_.) + ArcCos[(c_.)*x(x_)1*(b_.))"(n_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Dist[1/e, Subst[Int[(a + b*x) n*Cot[x], x], x, ArcCos[c*x]], x
1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c~2*d + e, 0] && IGtQ[n, 0]

Rubi steps
/ z(a+bcos™!(cx)) ,  Subst(f(a+ bz)cot(z)dz,z,cos”" (cz))
d — c2dx? = c2d
_ila+ bcos‘l(cac))2 (2¢)Subst (f : ;gc_(z;tiw) dz, z, COS_I(Cx))
B 2bc%d c2d
_i(a+beos™(cx))? (a+ beos™(cz)) log (1 — oo (cw)> N bSubst ([ log (1
B 2bc%d c2d
ot boos-H(a)y?  (@-+beos(ca))log (1= oo (@) (i) Subst ]
B 2bc2d B 2d -
i(a + beos™(cz))? (a+bcos™(cz)) log (1 —e” Cos_l(c””)> ibLis (e% cos™" (ca
= wed Zd T e

Mathematica [A]
time = 0.05, size = 115, normalized size = 1.40

i(bArcCos(cx)? + 2ibArcCos(cr) log (1 — eArCo(=)) 4 2ibArcCos(cz) log (1 + *ArCo() + jglog (1 — c*z?) + 2bPolyLog (2, —e'ArCo()) 4 2hPolyLog (2, eArCos(e)) )
2c2d

Antiderivative was successfully verified.

[In] Integrate[(x*(a + b*ArcCos[c*x]))/(d - c~2xd*x"2),x]

[Out] ((I/2)*(b*ArcCos[c*x]~2 + (2*I)#*b*ArcCos[c*x]*Log[1l - E~(I*ArcCos[c*x])] +
(2*%I)*b*ArcCos [c*x]*Log[1 + E~(I*ArcCos[c*x])] + I*a*Logl[l - c~2%x72] + 2*b
*PolyLog[2, -E~(I*ArcCos[c*x])] + 2+b*PolyLog[2, E~(I*ArcCos[c*x])]))/(c™2x*

d)

Maple [A]
time = 0.23, size = 163, normalized size = 1.99
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method result
2 barccos(cx) 1n<1—cm—i V —62332 _+_ 1 ) barccos(cz) In <1+cm+i V —szl:2 +
. _aln(cz—1) aln(cz+1) +ibarccos(cz) _ _
derivativedivides 2d 2d 2d d =
9 barccos(cz) In <l—c:v—i V _sz2 + 1 ) barccos(cz) In <1+c:v+i V —02.'132 +
_aln(ez—1) _aln(cz+1)+ibarccos(cz) _ _
default 2d 2d 2d d = d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*arccos(c*x))/(-c~2*d*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] 1/c~2%(-1/2*a/d*1n(c*x-1)-1/2*a/d*1n(c*x+1)+1/2*I*b/d*arccos(c*x) ~2-b/d*arc
cos(c*x)*1n(1-cxx-I*(-c~2*%x"2+1)~(1/2))-b/d*arccos (c*x) *1n(1+ckx+I* (-c~2%x"~
2+1)~(1/2) )+I*b/d*polylog(2,c*x+I*(-c~2%x"2+1)~(1/2))+I*b/d*polylog(2,-c*xx-
I*x(-c™2*xx~2+1)~(1/2)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccos(c#*x))/(-c~2*d*x"2+d) ,x, algorithm="maxima")

[Out] 1/2*%(2*c~2*d*xintegrate(1/2*(e~(1/2*1log(c*x + 1) + 1/2*log(-c*x + 1))*log(c*
x + 1) + e~ (1/2%1log(c*x + 1) + 1/2*log(-c*x + 1))*log(-c*x + 1))/(c~5*d*x"4

- ¢73*%d*x72 + (c"3*d*x"2 - c*xd)*e~(log(c*x + 1) + log(-c*x + 1))), x) - (1
og(c*x + 1) + log(-cxx + 1))*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x))*b/
(c™2%d) - 1/2xaxlog(c™2xd*x"2 - d)/(c"2xd)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccos(c*x))/(-c~2*d*x~2+d) ,x, algorithm="fricas")

[Out] integral(-(bxx*arccos(c*x) + a*x)/(c”2*d*x"2 - d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

NE U
d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*acos(c*x))/(-cx*2*xd*x**2+d) ,x)
[Out] -(Integral(axx/(cx*2xxx*2 - 1), x) + Integral(b*x*acos(c*x)/(ck*2*x**x2 - 1)
, x))/d

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*(at+b*arccos(c*x))/(-c™2*d*x"2+d),x, algorithm="giac")
[Out] integrate(-(b*arccos(c*x) + a)*x/(c”2xd*x"2 - d), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ z (a+ bacos(cz)) i

d—c?dx?
Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*(a + b*acos(c*x)))/(d - c~2xd*x"2),x)
[Out] int((x*(a + b*acos(c*x)))/(d - c™2xd*x~2), x)



48

3.4 f a—i—bAI'CCOS(ca:) dr

d—c2dz?
Optimal. Leaf size=76

2(a + bArcCos(cz)) tanh ™" (efAreCos(«2))  jpPolyLog (2, —etAreCos(c2)) +z'bPolyLog (2, giAreCos(ea))
cd a cd cd

[Out] 2*(atb*arccos(c*x))*arctanh(c*x+I*(-c~2*x~2+1)~(1/2))/c/d-I*b*polylog(2,-c*
x-I*(-c™2*x"2+1)~(1/2)) /c/d+I*b*polylog(2, cxx+I*(-c~2*x~2+1)~(1/2)) /c/d

Rubi [A]

time = 0.04, antiderivative size = 76, normalized size of antiderivative = 1.00, number of

number of rules _ ( ;g9
integrand size ’

steps used = 6, number of rules used = 4, integrand size = 22,
Rules used = {4750, 4268, 2317, 2438}

2 tanh—l (eiArcCos(cz)) (a + bArCCOS(C.’L')) ZbL12 (_6iArcCos(cz)) N ’LbLlQ (eiArcCos(cz))
cd a cd cd

Antiderivative was successfully verified.
[In] Int[(a + bxArcCos[c*x])/(d - c~2*d*x"2),x]

[Out] (2*(a + b*ArcCos[c*x])*ArcTanh[E~(I*ArcCos[c*x])])/(c*d) - (I*b*PolyLogl2,
-E~ (I*ArcCos[c*x])])/(cxd) + (I*b*PolyLog[2, E~(I*ArcCos[c*x])])/(c*d)

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xe*x"n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 4268

Int[cscl(e_.) + (f£_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) "m*x(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl[l + E~(Ix(e + f*x))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, O]

Rule 4750

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Dist[-(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
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x] /; FreeQ[{a, b, c, d, e}, x] & EqQlc~2*d + e, 0] && IGtQ[n, O]

Rubi steps

/ a+ beos™(cz) e — _ Subst(/(a + bz) csc(z) dz, z, cos™ (cz))

d — c2dx? = cd
- - icos™!(cz .
B 2(a+beos™"(cz)) tanh ™ (e ( )> N bSubst ( [ log (1 — €*) dz, z, cos™*(cz))
B cd cd
2(a + bcos™*(cx)) tanh ™" (ei COS_I(“)) (ib)Subst (f 80-2) gy, € COS_I(“))
cd cd
2(a + bcos™(cx)) tanh ™! (ei C"S_l(c‘”)> ibLis (—ei COS_l(C"”) ibLiy (ei COS_I(C@)
- = +
cd cd cd

Mathematica [A]
time = 0.04, size = 107, normalized size = 1.41

—2bArcCos(cz) log (1 — e?AreCo(«2)) + 2bArcCos(cz) log (1 + eiAreCos(«2)) — glog(1 — cz) + alog(l + cz) — 2ibPolyLog (2, —e*ArCos(«2)) + 2ibPolyLog (2, eAreCos(ee))
2cd

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCos[c*x])/(d - c~2*d*x~2),x]

[Out] (-2*%bxArcCos[c*x]*Logl[l - E~(I*ArcCos[c*x])] + 2*b*ArcCos[c*x]*Log[l + E~(I
xArcCos[c*x])] - a*Logl[l - c*x] + a*Log[l + c*x] - (2%I)*bxPolyLogl[2, -E~(I
xArcCos[c*x])] + (2xI)*bxPolyLog[2, E~(I*ArcCosl[c*x])])/(2%c*d)

Maple [A]

time = 0.36, size = 156, normalized size = 2.05

method result
ibarctanh(cz) In (1_i(cm+l)> ibarctanh(cz) In (1+i(cm+l))
a arctanh(cz) + _sz2 + ]. _szz + ]. + barctanh(cz) arccos(cz
derivativedivides 4 d d . d
ibarctanh(cz) In (1—W> ib arctanh(cz) In (1+1l(cz+1))
a arctanh(cz) + _02$2 + ]. _ —021172 + ]. + barctanh(cz) arccos(cz.
default d d d - d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccos(c*x))/(-c~2*d*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] 1/c*(a/d*arctanh(c*x)+I*b/d*arctanh(c*x)*1n(1-I*x(c*xx+1)/(-c™2xx"2+1)~(1/2))
-Ixb/d*arctanh(c*x)*1n(1+I*x(c*xx+1)/(-c"2*%x~2+1)~(1/2))+b/d*arctanh (c*x)*arc
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cos(c*x)-I*b/d*dilog(1+I*(cxx+1)/(-c~2*x"2+1)~(1/2))+I*b/d*dilog(1-I* (c*x+1
)/ (—c™2xx~2+1)~(1/2)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/(-c"2*d*x~2+d),x, algorithm="maxima")

[Out] 1/2xa*x(log(cxx + 1)/(cxd) - log(cxx - 1)/(cxd)) - 1/2%(2xc*d*integrate(1/2%
sqrt(c*x + 1)*sqrt(-c*x + 1)*(log(c*x + 1) - log(-cxx + 1))/(c™2%d*x"2 - d)

, X) — (log(c*x + 1) - log(-cxx + 1))*arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1),
c*x) ) *b/ (c*d)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/(-c~2*d*x~2+d),x, algorithm="fricas")

[Out] integral(-(b*arccos(c*x) + a)/(c™2*d*x"2 - d), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

S epmdet [ P55 T de
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acos(c*x))/(-c**2*d*xx**2+d) ,x)

[Out] -(Integral(a/(c**2*x**2 - 1), x) + Integral(b*acos(c*x)/(c*x*2xx**2 - 1), x)
)/d

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/(-c~2*d*x~2+d),x, algorithm="giac")



[Out] integrate(-(b*arccos(c*x) + a)/(c™2xd*x~2 - d), x)
Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

/a + bacos(cx) i

d—c2dzx?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*acos(c*x))/(d - c~2*d*x"2),x)
[Out] int((a + b*xacos(c*x))/(d - c~2%d*x"2), x)

o1
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a A. CT
35 [eAreCose

Optimal. Leaf size=71

2(a + bArcCos(cz)) tanh ™" (eZAreCos(«@))  jpPolyLog (2, —eZAreCos(2)) +ibPolyLog(2, g2iAreCos(ca))
d - 2d 2d

[Out] 2*(atb*arccos(c*x))*arctanh((c*x+I*(-c"2%x"2+1)7(1/2))"2)/d-1/2*I*b*polylog
(2,-(c*x+I*(-c™2%x"2+1)~(1/2))~2) /d+1/2xI*b*polylog(2, (cxx+I*(-c™2*xx~2+1) ~(
1/2))72)/d

Rubi [A]
time = 0.08, antiderivative size = 71, normalized size of antiderivative = 1.00, number of

number of rules _ ( 90
integrand size ’

steps used = 7, number of rules used = 5, integrand size = 25,
Rules used = {4770, 4504, 4268, 2317, 2438}

2 tanh™ 1 (e2iArcCos(cm)) (a + bArcCos (C.’E)) ibLiy (_eQiArcCos(cw) ) ibLis (62iArcCos(cw))
d B 2d - 2d

Antiderivative was successfully verified.
[In] Int[(a + b*ArcCos[c*x])/(x*(d - c~2%d*x"2)),x]

[Out] (2x(a + b*ArcCos[c*x])*ArcTanh[E~((2*I)*ArcCos[c*x])])/d - ((I/2)*b*PolyLog
[2, -E~((2*I)*ArcCos[c*x])])/d + ((I/2)*b*PolyLog[2, E~((2*I)*ArcCos[c*x])]
)/d

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*exn*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 4268

Int[csc[(e_.) + (£_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(Ix(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl[l + E"(Ix(e + fxx))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, 0]

Rule 4504
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Int[Cscl[(a_.) + (b_)*(x)]1"(n_.)*((c_.) + (d_.)*(x_)) " (m_.)*Sec[(a_.) + (b
_I)x(x )17 (n_.), x_Symbol] :> Dist[27°n, Int[(c + d*x) m*Csc[2*a + 2xbxx] n,
x], x] /; FreeQ[{a, b, c, d, m}, x] && IntegerQ[n] && RationalQ[m]

Rule 4770

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/((x_)*((d)) + (e_.)*x(x_)"2)),
x_Symbol] :> Dist[-d~(-1), Subst[Int[(a + b*x)"n/(Cos[x]*Sin[x]), x], x, Ar
cCos[c*x]], x] /; FreeQl{a, b, c, d, e}, x] && EqQlc~2*d + e, 0] && IGtQ[n,
0]

Rubi steps
/ a+ beos™(cx) Subst( [ (a + bz) csc(z) sec(z) dz, T, cos™(cz))
T =—
z (d — c2dx?) d
_ 2Subst([(a + bx) csc(2x) dz, z,cos™*(cz))
B 2(a +beos™( C‘”)) tanh™" (62“:05 (cz)) bSubst ( [ log (1 — %) dz, z, cos™ (cz))
N d
2(a + bcos™? cac)) tanh ™ (ez"m_l(“)) (ib)Subst ( 1l —log(i_“’) dz,z, e2icos—1(cx))
= -
2d _
2(a + beos™ cx)) tanh ™" <e2"’°5_1(“)> Zble( 2icos™ (“)> ibLi, (e%cos_l(“)
- 2d * 2d

Mathematica [A]
time = 0.09, size = 104, normalized size = 1.46

2bArcCos(cz) log (1 — e2ArcCes(e)) — 2pArcCos(cx) log (1 + e2AreCos(<)) — 2g]log(z) + alog (1 — c?x?) + ibPolyLog (2, —e2ACos(«2)) — jbPolyLog(2, e?AreCos(ca))
2d

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCos[c*x])/(x*(d - c~2*d*x"2)),x]

[Out] -1/2%(2xb*ArcCos[c*x]*Log[1l - E~((2*I)*ArcCos[c*x])] - 2xb*ArcCos[c*x]*Logl[
1 + E7((2*I)*ArcCos[c*x])] - 2*a*Logl[x] + axLogl[l - c"2xx~2] + I*b*PolyLogl
2, -E7((2*I)*ArcCos[c*x])] - Ixb*PolyLogl[2, E~((2*I)*ArcCos[c*x])])/d

Maple [A]
time = 0.38, size = 168, normalized size = 2.37

] method \ result
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barccos(cz) In (1— (cm-l-i —c2x2 +1 ) 2) barccos(cz) In <1+ ((
derivativedivides | —2 ln(§§+1) & ln(w D a ln(“) - +
2
barccos(cz) In (1— (cm-l—i —c2r?2 +1 ) > barccos(cz) In <1+ ((
aln(cz+1)  aln(cz—1) aln(czx)
default -y o+ = . +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccos(c*x))/x/(-c"2xd*x"2+d) ,x,method=_RETURNVERBOSE)

[Out] -1/2*a/d*1n(c*x+1)-1/2*%a/d*1n(c*x-1)+a/d*1n(c*x)-b/d*arccos(c*x)*1n(1-(c*xx+
I*x(-c™2%x"2+1)~(1/2))"2)+b/d*arccos (c*x) *1n(1+(c*kx+I*x (-c~2*xx~2+1)~(1/2))"2)
-1/2*%I*b/d*dilog(1+(c*x+I*(-c~2*x"2+1)~(1/2))~2)+1/2*I*b/d*dilog(1- (c*xx+I*(

—c™2%x"2+1)"(1/2))"2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/x/(-c~2xd*xx~2+d) ,x, algorithm="maxima")
g g

[Out] -1/2%a*(log(c*x + 1)/d + log(c*x - 1)/d - 2*log(x)/d) - b*integrate(arctan2

(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/(c™2*d*x~3 - d*x), X)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arccos(c*x))/x/(-c~2*d*x~2+d) ,x, algorithm="fricas")
[Out] integral(-(bxarccos(c*x) + a)/(c”2*d*x"3 - d*x), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

_f 02903 zdx+fb:2ca(c)§(c: dx
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acos(c*x))/x/ (-cx*2*xd*x**2+d) ,x)
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[Out] -(Integral(a/(c**2*x**3 - x), x) + Integral(b*acos(c*x)/(c**2xx**3 - x), X)
)/d

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/x/(-c”2*d*x~2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(c*x) + a)/((c™2xd*x~2 - d)*x), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/a-l—bacos(c:c)d
z (d—ctdx?)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*acos(c*x))/(x*(d - c~2*xd*x~2)),x)
[Out] int((a + b*acos(c*x))/(x*(d - c”2*d*x"2)), x)
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3.6 f a—i—b;;&(fl'fgd(g):zs)(cx) dx

Optimal. Leaf size=107

a + bArcCos(cz) +2c(a + bArcCos(cz)) tanh ™" (gfAreCos(ce)) +bc tanh™" < V1—c?a? ) ibcPolyLog(2, —e
dx d d d

[Out] (-a-b*arccos(c*x))/d/x+2*xc*(a+tb*arccos(c*x))*arctanh(c*x+I*(-c~2*xx~2+1)~(1/
2))/d+bxckarctanh ((-c”2%x~2+1)~(1/2)) /d-I*b*c*polylog(2,-c*x-I*(-c~2%x"2+1)
~(1/2))/d+I*b*c*xpolylog(2, cxx+I*(-c~2*xx~2+1)~(1/2))/d

Rubi [A]
time = 0.10, antiderivative size = 107, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.320,

steps used = 10, number of rules used = 8, integrand size = 25,
Rules used = {4790, 4750, 4268, 2317, 2438, 272, 65, 214}

dz d d + d + d

a + bArcCos(cz) . 2ctanh™" (e?AreCos(@)) (g + bArcCos(cz))  dbcLip(—etAreCos(@@)) jheLi, (eiAreCosiea)) betanh™! ( V1-—c?z? )

Antiderivative was successfully verified.
[In] Int[(a + bxArcCos[c*x])/(x~2%(d - c~2*d*x~2)),x]

[Out] -((a + bxArcCos[c*x])/(d*x)) + (2xc*(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos
[c*x])])/d + (b*c*ArcTanh([Sqrt[1 - c”2*x~2]]1)/d - (I*b*c*PolyLogl[2, -E~(I*A
rcCos[c*x])])/d + (Ixb*c*PolyLog[2, E~(I*ArcCos[c*x])])/d

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)]1, x11 /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 272

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 2317
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Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 4268

Int[cscl(e_.) + (£_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) m*(ArcTanh[E~(I*(e + f*x))]/f), x] + (-Dist[d*(m/f), Int[(c + d
*x) " (m - 1)*Log[l - E~(I*x(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl[l + E(Ix(e + f*x))], x], x]1) /; FreeQl{c, 4, e, f}, x] && IGtQ
[m, O]

Rule 4750

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))"(n_.)/((@.) + (e_.)*(x_)"2), x_Symbo
1] :> Dist[-(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2xd + e, 0] && IGtQ[n, O]

Rule 4790

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*((£_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)"(m + 1)*(d + exx"2)"(p + 1)*((a + b
*xArcCos[c*x]) "n/(d*fx(m + 1))), x] + (Dist[c™2*((m + 2*xp + 3)/(£72x(m + 1))
), Int[(f*x)"(m + 2)*(d + e*x~2) p*x(a + bxArcCos[c*x])"n, x], x] + Dist[b*c
*(n/(fx(m + 1)))*Simp[(d + e*x"2)"p/(1 - c™2*x"2)"p], Int[(f*x)~(m + 1)*(1
- ¢™2%x"2) " (p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b, c
, d, e, £, p}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && ILtQ[m, -1]

Rubi steps
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-1 -1 -1 (bC)f+dx
/a+bcos (cx)d a+ bcos™(cx) +cz/a+bcos (cx)d 3 /1 — 222

22 (d — c2dzx?) T dx d—cdez d

a+ beos™(cx) B cSubst( [ (a + bz) csc(z) dz, z, cos ™ (cz)) ~ (bc)Subst (f N

dz d 2¢
-1 2¢(a + beos™(cz)) tanh ! (eicos™ () bSubst( [ oz da,:
_ a+ beos~!(cz) N c(a cos™1(cz)) ta e s )
o dz d cd
a+ beos™!(cz) 2c(a + bcos™(cz)) tanh ™ <6i C°Sfl(°””>) betanh™? (\/ 1—¢c2g
dx d d
a + bcos™(cz) 2¢(a + beos™*(cx)) tanh ™! (ei °°S_1(C’”)) bectanh™! (\/ 1—¢c2z
- dx T d + d

Mathematica [A]
time = 0.15, size = 158, normalized size = 1.48

2a + 2bArcCos(cz) + 2bczArcCos(cz) log (1 — eAreCes(2)) — 2bexArcCos(cz) log (1 + e/A™Co(e)) + 2bex log(x) + acr log(1 — cx) — acz log(1 + cx) — 2bex log (1 +V1—c%a? ) + 2ibezPolyLog(2, —eAreCos(<2)) — 2iberPolyLog)(2, eiAreCos(cr))
2dz

Antiderivative was successfully verified.

[In] Integratel[(a + b*ArcCos[c*x])/(x"2%(d - c~2*d*x~2)),x]

[Out] -1/2%(2%a + 2*bxArcCos[c*x] + 2¥b*c*x*ArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])
1 - 2#bxc*xx*ArcCos[cxx]*Log[1 + E~(I*ArcCos[c*x])] + 2#bxc*x*Log[x] + a*cxx
*xLog[1l - c*x] - axcxx*Logl[l + c*x] - 2%bkckxxxLog[l + Sqrt[l - c™2*x"2]] + (

2xI) *bxcxx*xPolyLog[2, -E~(I*ArcCos[c*x])] - (2*I)*b*c*x*PolyLog[2, E~(I*Arc
Cos[c*x])])/(d*x)

Maple [A]
time = 0.62, size = 168, normalized size = 1.57

method result

2ibarctan (c:c—i—z' —c2x2 +1 ) ibdilog (cz+i\/
c a 4 aln(cz+1)  aln(cz—1) _ barccos(cx) _

derivativedivides — e od 2d dez d a

. 2.2 - ./
default C(— a + aln(cz+1) _ aln(cz—1) _ barccos(cx) _ 2zbarctan(cm+z ccxre + 1 ) B zbdllog(cm+z\/

decx 2d 2d dex d a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccos(c*x))/x"2/(-c~2*d*x~2+d) ,x,method=_RETURNVERBOSE)
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[Out] c*(-a/d/c/x+1/2*a/d*1n(c*x+1)-1/2%a/d*1n(c*x-1)-b/d*arccos(c*x)/c/x-2*xI*b/d
*xarctan (c*x+I*(-c™2%x"2+1) " (1/2) ) -I*b/d*dilog(cxx+I*(-c~2*xx~2+1)~(1/2))-I*b
/d*dilog(1+c*x+I*(-c™2%x"2+1) ~(1/2) )+b/d*arccos (c*x) *1n(1+c*x+I*(-c™2xx"2+1

)7(1/2)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccos(c*x))/x"2/(-c~2*d*x"2+d) ,x, algorithm="maxima")

[Out] 1/2*ax(c*log(c*x + 1)/d - cxlog(c*x - 1)/d - 2/(d*x)) - 1/2x(2xd*x*integrat
e(1/2x(c"2xx*log(c*x + 1) - c”2*kx*xlog(-c*x + 1) - 2*c)*sqrt(c*x + 1)*sqrt(-

ckx + 1)/(c™2*%d*x~3 - d*x), x) - (c*kxxlog(c*x + 1) - cxxxlog(-c*x + 1) - 2)
*xarctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x))*b/(d*x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arccos(c*x))/x"2/(-c~2*d*x"2+d),x, algorithm="fricas")
[Out] integral(-(bxarccos(c*x) + a)/(c”2xd*x"4 - d*x~2), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

f czw4 x2 dz + f bcaziis (;xz) dx
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acos(c*x))/x**2/(—c**x2*d*x**2+d) ,x)

[Out] -(Integral(a/(c**2xx**4 - x*x2), x) + Integral(b*acos(c*x)/(c**2xx*x*x4d — X**
2), x))/d

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*arccos(c*x))/x"2/(-c~2*d*x"2+d) ,x, algorithm="giac")
[Out] integrate(-(b*arccos(c*x) + a)/((c™2*d*x"2 - d)*x~2), x)
Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

a+ bacos(cx)
/ z? (d— c2dx?) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b¥acos(c*x))/(x"2x(d - c~2%d*x"2)),x)
[Out] int((a + b*acos(c*x))/(x~2%(d - c~2*d*x~2)), x)
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3.7 f a—i—bAI'CCOS(ca:) dr

x3(d—c2dx2)
Optimal. Leaf size=124

bev1l — 22 a + bArcCos(cz) +202(a + bArcCos(cz)) tanh ™" (eZAreCos(@))  pc?PolyLog (2, —eZAreCos(c
2dx 2dx? d 2d

[Out] 1/2*(-a-b*arccos(c*x))/d/x"2+2*xc~ 2% (a+b*arccos (c*x))*arctanh((c*x+I*(-c~2%x
~2+1)7(1/2))~2)/d-1/2*I*xb*c~2*polylog(2,- (c*x+I*(-c™2*x~2+1)~(1/2))~2)/d+1/
2xIxbxc~2*polylog(2, (c*xx+I*(-c™2*x~2+1)~(1/2))~2) /d+1/2*¥bxc* (-c~2*x~2+1) " (1
/2)/d/x

Rubi [A]
time = 0.13, antiderivative size = 124, normalized size of antiderivative = 1.00, number of

number of rules _ ( 9g
integrand size ’

steps used = 9, number of rules used = 7, integrand size = 25,
Rules used = {4790, 4770, 4504, 4268, 2317, 2438, 270}

2c? tanh ™! (e?ArcCos(«@)) (q + bArcCos(cz))  a+ bArcCos(cx) — ibc?Lip(—e?AreCos(«@))  jbc?Li, (e2iAreCosica)) pey/T — 272
- - + +
d 2dx? 2d 2d 2dx

Antiderivative was successfully verified.
[In] Int[(a + b¥ArcCos[c*x])/(x"3*(d - c~2%d*x"2)),x]

[Out] (b*c*Sqrt[1l - c~2*x~2])/(2+d*x) - (a + bxArcCos[c*x])/(2xd*x"2) + (2*c"2*(a
+ bx*ArcCos [c*x])*ArcTanh [E~ ((2*I)*ArcCos[c*x])])/d - ((I/2)*b*c~2*PolyLogl

2, -E"((2*I)*ArcCos[c*x])]1)/d + ((I/2)*bxc~2*PolyLog[2, E~((2*I)*ArcCos[c*x

N1D/d

Rule 270

Int[((c_)*(x_))"(@m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c*
x)"(m + 1)*((a + b*x"n)~(p + 1)/(a*xcx(m + 1))), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 4268
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Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) "mx(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl[l + E~(Ix(e + fxx))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, O]

Rule 4504

Int[Cscl[(a_.) + (b_)*(x)]1"(a_.)*((c_.) + (d_.)*(x_)) " (m_.)*Sec[(a_.) + (b
_I)x(x )17 (n_.), x_Symbol] :> Dist[2°n, Int[(c + d*x) m*Csc[2*a + 2xbxx]"n,
x], x] /; FreeQ[{a, b, c, d, m}, x] & IntegerQ[n] && RationalQ[m]

Rule 4770

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Dist[-d~(-1), Subst[Int[(a + b*x)"n/(Cos[x]*Sin[x]), x], x, Ar
cCoslc*x]], x] /; FreeQl{a, b, c, d, e}, x] && EqQ[c~2*d + e, 0] && IGtQ[n,
0]

Rule 4790

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)"(m + 1)*(d + exx"2)"(p + 1)*((a + b
xArcCos[c*x]) "n/(d*fx(m + 1))), x] + (Dist[c™2*((m + 2%xp + 3)/(£72x(m + 1))
), Int[(£f*x)"(m + 2)*(d + e*x"2) px(a + bxArcCos[c*x])"n, x], x] + Dist[bx*c
x(n/(f*x(m + 1)))*Simp[(d + e*x"2)"p/(1 - c~2*x~2)7p], Int[(f*x)"(m + 1)*(1

- c™2%x72)"(p + 1/2)*(a + bxArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b, ¢
, d, e, £, p}, x] && EqQ[c~2+d + e, 0] && GtQ[n, 0] && ILtQ[m, -1]

Rubi steps
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(be) [ ——2——d=x

/ a+ bcos™!(cx) p

x3 (d — c2dx?) 2dx?

__a+bcos(cx) N 02/ a+ bcos™(cx) dr — 21 — 222
N z (d — c2dz?) 2d

_bev1—c222  a+beosT(ex)  *Subst([(a + bx) csc(x) sec(x) dz, , cos ™ (cx
N 2dx 2dzx? d
_bevV1—c222 a+beosi(cx)  (2¢%) Subst( [ (a + bx) csc(2z) dx, x, cos ™ (cx))
N 2dx 2dzx? d
— -1 icos™1(cx
_beVi—a?  a+beos(cx) . 2¢%(a + bcos™!(cz)) tanh (32 ( )> . (b
N 2dz 2dz? d
- - icos ™1 (cx ;
_beVI—c2® a+ beos!(cx) 2c%(a + bcos™'(cz)) tanh ™ (62 ( )> (it
N 2dx 2dzx? d
- - icos™1(cx ;
_beVI—c2® a+beos!(cx) . 2c%(a + bcos™(cz)) tanh™ (62 ( )> ibc
N 2dx 2dzx? d
Mathematica [A]
time = 0.28, size = 150, normalized size = 1.21
% — 2ac?log(z) + ac®log (1 — c*z?) + bc* (71?75%2 + % + 2ArcCos(cz) log (1 — e2iAreCos(e)) — 2ArcCos(cr) log (1 + e?iArCos(e) t jPolyLog|(2, —e?ArCes(<2)) — iPolyLog|(2, EQ‘A"C"S(”))>
Antiderivative was successfully verified.
[In] Integrate[(a + b*ArcCos[c*x])/(x"3*%(d - c~2*d*x~2)),x]
[Out] -1/2%(a/x"2 - 2*axc~2+Logl[x] + axc™2xLogl[l - c~2#x72] + b*c™2x(-(Sqrt[l - ¢
~2xx72]/(c*x)) + ArcCos[c*x]/(c™2*%x"2) + 2xArcCos[c*x]*Logl[l - E~((2*I)*Arc
Cos[c*x])] - 2*ArcCos[c*x]*Log[1 + E~((2*I)*ArcCos[c*x])] + I*PolyLog[2, -E
~((2*I)*ArcCos[c*x])] - I*PolyLog[2, E~((2*I)*ArcCos[c*x])]))/d
Maple [A]
time = 0.96, size = 283, normalized size = 2.28
method result
derivativedivides | ¢2 __aln(cz4+1)  aln(cz—1) a__ 4 aln(cz) + ib + v —c2z? +1 __ barccos(cz) barceos
2d 2d 2d c2x2 d 2d 2dcz 2d c2z2
aln(cz+1) aln(cz—1) a aln(czx) ib v —c2z? +1 barccos(cz) barceos
default, | - 2d - 2d T 2dc2g? + d + 2d + 2dcz T T 2dex? T
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/x"3/(-c~2*d*x~2+d) ,x,method=_RETURNVERBOSE)

[Out] c~2*x(-1/2%a/d*1ln(c*x+1)-1/2*a/d*1n(c*x-1)-1/2%a/d/c"2/x"2+a/d*1n(c*x)+1/2*I
*b/d+1/2%b/d/c/x* (-c~2*%x~2+1) " (1/2)-1/2*b/d*arccos (c*x) /c~2/x"2-b/d*arccos (

c*x) *1n(1-c*x-I*(-c~2%x~2+1)~(1/2) ) +I*b/d*polylog(2, c*x+I*(-c~2*x~2+1)~(1/2
))-b/d*arccos (c*x) *1n (1+c*x+I*(-c~2%x"2+1) " (1/2) )+I*b/d*polylog(2,-cxx-I*(-
c"2xx"2+1) " (1/2) ) +b/d*arccos (cxx) *1n (1+ (c*kx+I* (-c~2*x"2+1) ~(1/2)) ~2) -1/2xI*
b*polylog(2,-(c*xx+I*(-c™2*x~2+1)~(1/2))~2)/d)

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x"3/(-c"2%d*x~2+d),x, algorithm="maxima")

[Out] -1/2%(c"2*log(c*x + 1)/d + c"2*log(c*x - 1)/d - 2xc~2xlog(x)/d + 1/(d*x"2))
*a — bxintegrate(arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/(c™2xd*x~5 - dx*
x~3), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arccos(c*x))/x~3/(-c"2xd*x~2+d) ,x, algorithm="fricas")

[Out] integral(-(b*arccos(c*x) + a)/(c”2*d*x~5 - d*x~3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

_f szs - dx_i_fbacos(cz) dz

25 —g3
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acos(c*x))/x**3/(—c**x2*xd*x**2+d) ,x)

[Out] -(Integral(a/(cx*2*xx**5 - x**3), x) + Integral(b*acos(c*x)/(c*x*2xx**5 — x*x

3), x))/d
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccos(c*x))/x"3/(-c~2*d*x"2+d) ,x, algorithm="giac")

[Out] integrate(-(b*arccos(cxx) + a)/((c™2*d*x"2 - d)*x~3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

a + bacos(cz)
d
/:v3 (d—c*dzx?) v

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*acos(c*x))/(x"3*(d - c™2*d*x"2)),x)
[Out] int((a + b*acos(c*x))/(x"3%(d - c~2*d*x~2)), x)
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3.8 f x4(a+bAI‘CCOS(cx)) dx

(d—c?dz?) :
Optimal. Leaf size=180
b bVl —c*? +3x(a + bArcCos(cz)) | 2°(a + bArcCos(cr)) 3(a+ bArcCos(cz)) tanh ™!
2¢5d2+/1 — 22 ccd? 2ctd? 2¢2d? (1 — c?z?) ccd?

[Out] 3/2*x*(at+b*arccos(c*x))/c~4/d"2+1/2*x"3* (a+b*arccos(c*x))/c"2/d"2/(-c”~2*x"2
+1)-3* (atb*arccos (c*x) ) *arctanh (ckx+I*(-c~2%x"2+1) " (1/2)) /c~5/d~2+3/2*I*b*p
olylog(2,-c*x-I*(-c~2%x"2+1)~(1/2))/c~5/d"2-3/2*I*b*polylog(2, cxx+I*(-c~2%x
~2+1)7~(1/2))/c~5/d"2+1/2%b/c”5/d"2/ (—c~2*x~2+1) " (1/2) -b* (-c"2xx~2+1)~(1/2)/
c~5/d"2

Rubi [A]

time = 0.17, antiderivative size = 180, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.360,

steps used = 12, number of rules used = 9, integrand size = 25,
Rules used = {4792, 4796, 4750, 4268, 2317, 2438, 267, 272, 45}

3tanh™! (eAreCos(<@)) (q 4 bArcCos(cz)) + 3z(a + bArcCos(cz)) + z3(a + bArcCos(cz)) + 3ibLip (—eiAreCos(en))  3ibLiy (eAreCos(er)) _ bV1l—c? N b
F& 202 228 (1 - &a?) 208 25& e PYER N gy

Antiderivative was successfully verified.
[In] Int[(x"4%(a + b*ArcCos[c*x]))/(d - c~2*%d*x"2)"2,x]

[Out] b/(2%c”5*d"2xSqrt[1 - c™2*x72]) - (b*Sqrt[l - c™2xx72])/(c”™5*d"2) + (3*x*(a
+ b*ArcCos[c*x]))/(2*xc”™4%d"2) + (x"3*(a + bxArcCos[c*x]))/(2%c™2xd"2x(1 -

c~2xx72)) - (3*(a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(c"5%d~2) +

(((3+I)/2)*b*PolyLog[2, -E~(I*ArcCos[c*x])]1)/(c"5%d"2) - (((3*I)/2)*bxPolyL

ogl[2, E~(I*ArcCos[c*x]1)])/(c~5*d"2)

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, 4, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#*m + 4*n + 4, 0]) || LtQ[9*m + 5*x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 267

Int[(x_ )" (m_.)*x((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/ (b*n*x(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQm, n - 1] &&
NeQ[p, -1]

Rule 272

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
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, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

Rule 4268

Int[cscl(e_.) + (£_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) m*x(ArcTanh[E~(Ix(e + f*x))]/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Log[l + E~(Ix(e + f*xx))], x], x]) /; FreeQ[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 4750

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Dist[-(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc~2*d + e, 0] && IGtQ[n, O]

Rule 4792

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((£f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)~(m - 1)*(d + exx"2)"(p + 1)*((a +
bxArcCos [c*x]) “n/(2%xex(p + 1))), x] + (-Dist[£f72x((m - 1)/(2xex(p + 1))),
Int[(f*x)"(m - 2)*(d + exx"2)"(p + 1)*(a + bxArcCos[c*x])"n, x], x] - Dist[
bxfx(n/(2xcx(p + 1)))*Simp[(d + exx"2)"p/(1 - c™2*x"2)"p]l, Int[(f*x)"(m - 1
Yx(1 - c”2%x72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a,
b, c, d, e, f}, x] && EqQ[c”2*d + e, 0] && GtQ[n, 0] && LtQ[p, -1] && IGtQ

[m, 1]

Rule 4796

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*((£_.)*(x_)) " (m_)*((d_) + (e_.
)*¥(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)~(m - 1)*(d + e*xx"2)"(p + 1)*((a +
bxArcCos [c*x])"n/(ex(m + 2%p + 1))), x] + (Dist[f"2*((m - 1)/(c™2*%(m + 2*p
+ 1)), Int[(f*x)"(m - 2)*(d + e*x"2) p*(a + b*ArcCos[c*x])"n, x], x] - Di
st [b*xf*(n/(cx(m + 2%p + 1)))*Simp[(d + e*x"2)"p/(1 - c”2xx~2)"pl, Int[(f*x)
“(m - 1)*(1 - c™2*xx72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; Fr
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eeQ[{a, b, ¢, d, e, f, p}, x] && EqQlc~2*d + e, 0] && GtQ[n, 0] && IGtQ[m,
1] && NeQ[m + 2+p + 1, 0]

Rubi steps
3 z2 (a+bcos™(cz
/z4(a + beos™(cz)) . z3(a + beos™!(cz)) bf (1—c222)°7 dz B 3/ % dz
d — c2dz2)? T 2e2d2 (1 — 2x2 2cd? 2c2d
( )
_ 3z(a+bcos™(cx)) N z3(a+ bcos™(cz)) N (30) V1 — 222 dz N bSubst (f
B 2ctd? 2¢2d? (1 — 2x?) 2c3d?
_ 3bV1-—c*? N 3z(a+ beos™!(cz)) N z3(a + beos™(cz)) N 3Subst([(a +
2c5d? 2ctd? 2¢2d? (1 — 2x?)
B b _ bVl —c*a? N 3z(a + bcos™!(cz)) N z(a +bcos'(cz))
 205d2v/1 — 22 cbd? 2c4d? 2c2d? (1 — c2x?)
_ b _ b1 =g N 3z(a + beos™!(cx)) N z(a +bcos™(cz))
 265d2V1 — 212 cd? 2c¢td? 2c2d? (1 — c?x?)
_ b _bVl-—c*?  3x(a+bceos™(cz)) N z*(a +beos'(cz))
" 265d2v/1 — 22 ccd? 2c4d? 2¢2d? (1 — 2x?)

Mathematica [A]
time = 0.17, size = 294, normalized size = 1.63

ArcCosiet “ATCC0S ) ns(12rA1eCo8c) 5 PolyLog(s-cAreCostc)
: * - : 3i( ArcCos(er) (ArcCos(er)aitog(1-cArCosin))) 4 siPolyLog (2,¢AreCoster )
- 3

b(vl—(?z? ArcCoster) | V1= a? 1ArcCoster) | ~V1 = 2% terhreC
TTeren o) =

ar az , Balog(1—c) _ dalog(1+er)
ctd? 2 (—1+ c%2?) S A

Antiderivative was successfully verified.

[In] Integrate[(x"4*(a + b*ArcCos[c*x]))/(d - c™2*d*x"2)"2,x]

[Out] (a*x)/(c™4%d"2) - (axx)/(2xc~4xd"2x(-1 + c~2xx"2)) + (3*a*xLog[l - c*x])/(4x
c"5*d~2) - (3*axLog[l + c*x])/(4*c”5%d"2) + (b*((Sqrt[l - c™2*xx"2] - ArcCos
[c*x])/(4*c™4x(c + c™2%x)) + (Sqrt[l - c™2%x"2] + ArcCos[c*x])/(4xc~4x(c -
c”2*xx)) + (-Sqrt[l - c™2%x"2] + c*x*ArcCos[c*x])/c™5 - (3*(((-1/2*I)*ArcCos
[c*x]~2)/c + (2%ArcCos[c*x]*Log[1l + E~(I*ArcCos[c*x])])/c - ((2*I)*PolyLogl

2, -E"(I*ArcCos[c*x])])/c))/(4*%c~4) - (((3*I)/8)*(ArcCos[c*x]*(ArcCos [c*x]

+ (4%I)*Log[l - E~(I*ArcCos[c*x])]) + 4*PolyLog[2, E~(I*ArcCos[c*x])]))/c”5
))/d"2

Maple [A]
time = 1.09, size = 264, normalized size = 1.47
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method result
3 N/ —22 1 2
acz a _ 3aln(cz+1) a + 3aln(cz—1) b c°T + + barccos(cz)cx _ barccos(cx)ex b c°T
. . L. d?2  4d2(cz+1) 4d? 4d2(cz—1) 4d2 d2 d2 242 (szz,l) 242 (CQz:
derivativedivides

acx _ a _ 3Baln(cz+1) a + 3aln(cz—1) bV _Cz.'2E2 + 1 + barccos(cz)cz _ barccos(cz)cz bV —02.’17:
d

d2  4d2(cz+1) 442 4d2(cz—1) 4d2 d2 2d2 (czzz _1) 242 (sz:

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"4x*(atb*arccos(c*x))/(-c~2*d*x~2+d) ~2,x,method=_RETURNVERBOSE)

[Out] 1/c”5*(a/d"2xc*x-1/4*a/d"2/(cxx+1)-3/4*a/d"2*1n(c*x+1)-1/4*a/d"2/ (c*xx-1)+3/
4xa/d~2*1n(c*x-1)-b/d"2*% (-c~2*x~2+1) ~(1/2) +b/d"2*arccos (c*x) *xcxx-1/2*b/d~2/
(c™2xx~2-1) *arccos (c*x) *cxx-1/2xb/d~2/ (c™2*%x"2-1) * (-c~2*x~2+1) ~(1/2) +3/2*b/
d~2xarccos (c*x) *1n(1-c*x-I* (-c~2*x~2+1) ~(1/2) ) -3/2*I*b/d~2*polylog(2, cxx+I*
(-c™2*x"2+1)~(1/2))-3/2*b/d"2*arccos (c*x) *1n (1+cxx+I* (-c™2*xx"2+1) ~(1/2) ) +3/
2xI*b/d~2*polylog(2,-c*x-I*(-c™2*x"2+1)~(1/2)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4x(atbxarccos(c*x))/(-c~2*d*x"2+d)~2,x, algorithm="maxima")

[Out] -1/4%ax(2*x/(c”6xd"2*x"2 - c™4*d"2) - 4x*x/(c”4xd"2) + 3*log(cxx + 1)/(c~5*d
~2) - 3xlog(c*x - 1)/(c”5%d"2)) + 1/4x((4*c™3%x"3 - 6xcxx - 3*x(c™2*%x"2 - 1)
xlog(c*x + 1) + 3x(c™2*xx"2 - 1)*log(-c*x + 1))*arctan2(sqrt(cxx + 1)*sqrt(-

ckx + 1), c*x) + 4*x(c”7*d"2*x"2 - c~5xd"2)*integrate(-1/4*(4*c~3*x"3 - 6%cx*

x - 3%(c”2%x72 - 1)*log(c*x + 1) + 3x(c™2*%x"2 - 1)*log(-c*x + 1))*sqrt(c*x

+ 1) *sqrt(-c*x + 1)/(c™8*d"2*x"4 - 2%c~6+%d"2*x"2 + c"4*d"2), x))*b/(c~7*d"2

*x~"2 - c~5xd"2)

Fricas [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4x(atbxarccos(c*x))/(-c~2*d*x"2+d)~2,x, algorithm="fricas")

[Out] integral ((b*x~4*arccos(c*x) + a*x"4)/(c™4*%d”2*x"4 - 2%c”™2xd"2*x"2 + 472), x
)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

4 bx* acos (cx)
ax
f ctzrt—2c22241 dz + f ctrt—2c22241 dx

d2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**4*(a+b*acos(c*x))/(—ck*x2*d*x**2+d) **2,x)
[Out] (Integral (a*x**4/(ckx*4xx*x*x4 — 2%c*x2*x*x2 + 1), x) + Integral (b*x**x4xacos(c

*x) / (Ckkdxxkkd — 2kckx*x2xx*xx2 + 1), x))/d**2

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~4*(atb*arccos(c*x))/(-c~2*d*x"2+d)~2,x, algorithm="giac")
[Out] integrate((b*arccos(c*x) + a)*x~4/(c”2*d*x"2 - d)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ z* (a + bacos(cz)) e
(d— 2 da?)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x~4*(a + b*acos(c*x)))/(d - c~2xd*x~2)"2,x)
[Out] int((x"4*(a + b*acos(c*x)))/(d - c~2xd*x"2)"2, x)



71

3.9 f x3(a+bAI‘CCOS(cx)) dx

(d—02d$2)2
Optimal. Leaf size=155
bx 2*(a + bArcCos(czr)) i(a + bArcCos(cz))* bArcSin(cr) | (a + bArcCos(cz))log (1-
23d2V1 — 22 2¢2d? (1 — c?z?) 2bctd? 2¢td? ctd?

[Out] 1/2*x"2*(at+b*arccos(c*x))/c”~2/d"2/(-c"2*x"2+1)-1/2*I* (a+b*arccos(c*x))~2/b/
c~4/d"2-1/2*b*arcsin(c*x)/c~4/d" 2+ (atb*arccos (c*x) ) *1n(1- (c*xx+I* (-c " 2*x~2+1

)" (1/2))72) /c”4/d"2-1/2xIxbxpolylog(2, (c*x+I*(-c"2%x"2+1)~(1/2))"2)/c”4/d"2
+1/2%b*x/c~3/d~2/(-c™2*x~2+1)~(1/2)

Rubi [A]

time = 0.13, antiderivative size = 155, normalized size of antiderivative = 1.00, number of

number of rules _ ( g9
integrand size ’

steps used = 8, number of rules used = 8, integrand size = 25,
Rules used = {4792, 4766, 3798, 2221, 2317, 2438, 294, 222}

_i(a + bArcCos(cz))? . log (1 — e*#r0()) (a + bArcCos(cz)) | 22(a+ bArcCos(cz))  ibLig(e*7)  pArcSin(cz) bz
2bctd? ctd? 2¢2d? (1 — c?z?) 2ctd? 2ctd? 263d2/1 — 212

Antiderivative was successfully verified.
[In] Int[(x"3*(a + b*ArcCos[c*x]))/(d - c~2*xd*x"2)"2,x]

[Out] (b*x)/(2%c™3*d~2*Sqrt[1 - c™2*x"2]) + (x72*(a + bxArcCos[c*x]))/(2%c~2*%d~2*
(1 - c™2%x72)) - ((I/2)*(a + b*ArcCos[c*x])~2)/(bxc~4*d"2) - (b*ArcSin[c*x]

)/ (2xc~4%d"2) + ((a + b*ArcCos[c*x])*Logl[1l - E~((2*I)*ArcCos[c*x])])/(c"4*d

~2) - ((I/2)*b*PolyLogl[2, E~((2*I)*ArcCos[c*x])])/(c"4xd~2)

Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 294

Int[((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(
n - Dx*(c*xx)"(m - n + 1)*x((a + b*x™n)"(p + 1)/(b*n*x(p + 1))), x] - Dist[c’n
*((m - n + 1)/(b*nx(p + 1))), Int[(c*x)"(m - n)*(a + bxx"n)"(p + 1), x], x]
/; FreeQ[{a, b, c}, x] &% IGtQ[n, 0] && LtQlp, -1] &% GtQ[m + 1, n] & !I
LtQ[(m + n*(p + 1) + 1)/n, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*nxLog[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Di
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st [d* (m/ (bxf*gxn*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*((F~(g*(e + f*x)
))°n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438

Int[Log[(c_.)*((d)) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)xexx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E” (2%I*%k*Pi) * (E~(2%xIx(e + f*x))/(1 + E~(2%I*xk*Pi)*E~(2*xI*(e + f*x)))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4766

Int[(((a_.) + ArcCos[(c_.)*x(x_)1*(b_.))"(n_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Dist[1/e, Subst[Int[(a + b*x) n*Cot[x], x], x, ArcCos[c*x]], x
1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 4792

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((£f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)~(m - 1)*(d + exx"2)"(p + 1)*((a +
bxArcCos [c*x]) “n/(2xex(p + 1))), x] + (-Dist[£f72x((m - 1)/(2xex(p + 1))),
Int[(f*x)"(m - 2)*(d + exx"2)"(p + 1)*(a + bxArcCos[c*x])"n, x], x] - Dist[
bxfx(n/(2xcx(p + 1)))*Simp[(d + exx"2)"p/(1 - c"2*x"2)"p], Int[(f*x)"(m - 1
)x(1 - c”2%x72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a,
b, c, d, e, f}, x] && EqQ[c"2*d + e, 0] && GtQ[n, 0] && LtQ[p, -1] && IGtQ

[m, 1]

Rubi steps
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/ z3(a + bcos™(cz)) e = z2(a + bcos™(cz)) bJ (—crayr? 42 B J W dz
(d — c2dx?)? 2c2d? (1 — c%x?) 2c¢d? c2d

B bz N z*(a + bcos (cz))  Subst([(a+ bz) cot(x) dz, z,cos™
T 283d2V/1 — 22 2c2d? (1 — c?x2) cid?
_ bz N z*(a+bcos™ (cz)) i(a+ beos™(cz))? _bsin!(cx)
T 232V — 222 2832 (1 — ca?) 2bcid? 2cAd?
_ b N z?(a+bcos'(cx)) i(a+ beos™(cx))’ _ bsin™!(cx)
C283d2V/1 — 212 2¢2d? (1 — 2x?) 2bctd? 2ctd?
_ b N z*(a+bcos™H(cz)) i(a+ beos™(cz))? _ bsin"(cz)
" 963d2v/1 — 22 2c2d? (1 — c2x?) 2bctd? 2ctd?
_ b N z?(a+bcos ' (cx)) i(a+ beos™(cx))’ _ bsin™!(cx)
T RV | 20@(1- ) A2 22

Mathematica [A]
time = 0.26, size = 203, normalized size = 1.31

w1 ;c:zz? _ 4,\/1‘7 e bArcgism) + bArclgcozs(rr) — 2ibArcCos(cx)? + 4bArcCos(cz) log (1 — eAreCes(e)) + 4pArcCos(cx) log (1 + e*7C=(e2)) + 2glog (1 — c*z?) — 4ibPolyLog (2, —e*AreCos(=%)) — 4ibPolyLog(2, e Cos(ex))
1@

Antiderivative was successfully verified.

[In] Integrate[(x"3*(a + b*ArcCos[c*x]))/(d - c™2*d*x"2)~2,x]

[Out] ((bxSqrtl[l - c™2*xx72])/(1 - cxx) - (b*Sqrt[l - c™2*x72])/(1 + c*x) - (2%a)/
(-1 + c™2%x72) + (bxArcCos[c*x])/(1 - c*x) + (b*ArcCos[c*x])/(1 + c*x) - (2
*1)*bxArcCos [c*x] "2 + 4*bxArcCos[c*x]*Log[l - E~(I*ArcCos[c*x])] + 4*b*ArcC
os[c*x]*Log[1 + E~(IxArcCos[c*x])] + 2*axLog[l - c"2*xx~2] - (4*I)*b*PolyLog

[2, -E"(I*ArcCos[c*x])] - (4*I)*b*PolyLog[2, E~(I*ArcCos[c*x])])/(4*c~4*d"2

)

Maple [A]
time = 1.00, size = 281, normalized size = 1.81

method result
a + aln(cz+1) _ a +a1n(cz—1) _ b arccos(c:v)2 _ ib c2:1:2 _ bexz\/ _021'2 + 1 _ barccos(cx) -
derivativedivid 4d2 (cz+1) 2d2 4d2 (cz—1) 2d2 2d2 242 (62952,1) 242 (62962,1) 242 (szz,l) 2d
erivativedlvides
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aln(cz+1) a + aln(cz—1) b aurccos(cav)2 _ ib 22 bex \/ —CQIE2 + ]. b arccos(cz) +

242 4d2(cz—1) 242 2d2 242 (c2m2—1) - 242 (62352_1) T 22 (c2x2—1) 2d2(

a
4d2 (cx+1) +

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(at+b*arccos(c*x))/(-c~2*d*x~2+d)~2,x,method=_RETURNVERBOSE)

[Out] 1/c”4*x(1/4*a/d"2/(c*x+1)+1/2*%a/d"2*1n(c*x+1)-1/4*a/d"2/ (c*x-1)+1/2*a/d"2*1n
(c*x-1)-1/2*Ixb/d"2*arccos (c*x) ~2-1/2*I*b/d"2/ (c"2*x"2-1) *c~2*x"2-1/2*b/d"2
/(c72xx72-1) *c*xx*x (—c~2*%x"2+1) ~(1/2)-1/2*b/d"~2/ (c"2*x~2-1) *arccos (cxx) +1/2*I
*b/d"2/(c”™2*x"2-1)+b/d"2*arccos (c*x) *1n(1-c*x-I* (-c~2*xx"2+1)~(1/2) )+b/d"2*a

rccos (c*xx)*1n(1+ckx+I*(-c™2%x"2+1) ~(1/2) ) -I*b/d~2*polylog(2, ckx+I*(-c~2%x"2
+1)7(1/2))-I*%b/d"2*polylog(2,-c*x-I*(-c~2*x~2+1)~(1/2)))

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c™2*d*x"2+d)~2,x, algorithm="maxima")
[Out] -1/2%ax(1/(c"6%d"2*x"2 - c~4*d"2) - log(c™2*x"2 - 1)/(c”4%d~2)) + 1/2x(((c”
2%x"2 - 1)*log(cxx + 1) + (c™2*x"2 - 1)*log(-c*x + 1) - 1)*arctan2(sqrt(c*x
+ 1)*sqrt(-c*x + 1), c*x) - 2*(c”6+%d"2*x"2 - c~4*d~2)*integrate(1/2*((c~2*
x"2 - 1)xe~(1/2*log(c*x + 1) + 1/2%log(-c*x + 1))*log(c*x + 1) + (c™2%x"2 -
1)*e~(1/2x1log(c*x + 1) + 1/2xlog(-c*x + 1))*log(-c*x + 1) - e~ (1/2*xlog(c*x
+ 1) + 1/2%1log(-c*x + 1)))/(c”9*d"2*x~6 - 2%c~7*d"2*x"4 + c~5*%d"2*x"2 + (c
“T*d"2%x"4 - 2%c”B*d"2*x72 + c¢"3*d"2)*e"(log(c*xx + 1) + log(-c*x + 1))), x)
)*xb/(c”6*d"2*x"2 - c"4*d"2)
Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arccos(c*x))/(-c~2*d*x~2+d)~2,x, algorithm="fricas")
[Out] integral((b*x~3*arccos(c*x) + a*x~3)/(c”4*d™2*x"4 - 2%c™2*%d"2*x"2 + d~2), x
)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

f az3 d$+f bx3acos(c:c) dz

ctrd—2c22241 cirt—2c22241
d2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a+b*acos(c*x))/(—ck*2*d*x**2+d) **2,x)
[Out] (Integral (a*x**3/(c**4xx*x*x4 — 2%c*x2*x*x2 + 1), x) + Integral (b*x**3*acos(c

*x) / (cHkdkxkxd — 2kxckk2xx**2 + 1), x))/d**2

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~3*(atb*arccos(c*x))/(-c™2*d*x"2+d)~2,x, algorithm="giac")
[Out] integrate((b*arccos(c*x) + a)*x~3/(c”2*d*x"2 - d)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ z3 (a + bacos(cz)) i
(d — c2dz?)”

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x~3%(a + bxacos(c*x)))/(d - c~2xd*x"2)"2,x)
[Out] int((x~3*(a + b*acos(c*x)))/(d - c~2xd*x"2)"2, x)
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3.10 f 72 (a+bAI'CCOS(c:1;)) dx

(d—c?dz?) 2
Optimal. Leaf size=136
b +w(a + bArcCos(cz)) (a + bArcCos(cz)) tanh ™" (etAreCosien)) +ibPolyLog (2, —ethreCos(ca)
2c3d2v/1 — c2x2? 2c2d? (1 — c2x?) c3d? 2c3d2

[Out] 1/2*x*(a+b*arccos(c*x))/c~2/d~2/(-c~2*x"2+1)-(a+b*arccos (c*x))*arctanh (ckx+
Ix(-c™2*x72+1)~(1/2)) /c~3/d"2+1/2*I*b*polylog(2,-c*x-I*(-c~2*xx"2+1)~(1/2))/
c~3/d"2-1/2*%I*b*polylog(2, cxx+I*(-c~2*x~2+1)~(1/2))/c~3/d"2+1/2*b/c~3/d"2/(
-c"2%x"2+1)"(1/2)

Rubi [A]
time = 0.09, antiderivative size = 136, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.240,

steps used = 8, number of rules used = 6, integrand size = 25,
Rules used = {4792, 4750, 4268, 2317, 2438, 267}

_ta,nh_1 (etAreCos(e2)) (g + bArcCos(cz)) N z(a + bArcCos(cz)) + ibLip (—etAreCos(ea)) __ibLiy (gthreCos(ea)) n b
c3d? 2¢2d? (1 — c?z?) 2c3d? 2c3d? 283d2V1 — 2?2

Antiderivative was successfully verified.
[In] Int[(x"2*(a + b*ArcCos[c*x]))/(d - c 2xd*x~2)"2,x]

[Out] b/(2%c™3%d~2+Sqrt[1 - c™2*x"2]) + (xx(a + b*ArcCos[c*x]))/(2*xc™2*xd"2*x(1 - ¢
~2%x72)) - ((a + b*ArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(c”3*d~2) + ((I
/2)*bxPolyLog[2, -E~(I*ArcCos[c*x])])/(c"3%d"2) - ((I/2)*b*PolyLog[2, E~(I*
ArcCos[c*x])]1)/(c™3*%d"2)

Rule 267

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(@m_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2

, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 4268



(s

Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) "m*x(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl[l + E~(I*(e + fxx))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, O]

Rule 4750

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Dist[-(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc~2*d + e, 0] && IGtQ[n, O]

Rule 4792

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*((£f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[f*(f*x)~(m - 1)*(d + exx"2)"(p + 1)*((a +
bxArcCos[c*x]) n/(2*xex(p + 1))), x] + (-Dist[£~2*((m - 1)/(2xex(p + 1))),
Int[(£*x)"(m - 2)*(d + e*x"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Dist[
bxf*(n/(2xcx(p + 1)))*Simp[(d + exx"2)"p/(1 - c™2*x"2)"p], Int[(f*x)"(m - 1
Y*x(1 - c”2%x~2)~(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a,
b, c, d, e, £}, x] &% EqQlc~2+d + e, 0] && GtQ[n, 0] & LtQlp, -1] && IGtQ

[m, 1]

Rubi steps
/ z2(a + bcos™i(cx)) . z(a + bcos™!(cx)) b [ W dz B J % dz
(d — c2dz?)* 2c2d? (1 — 2x?) 2cd? 2c2d
_ b N z(a+becos™(c )) Subst( [ (a + bz) csc(z) dz, z, cos™(
2c3d2v/1 — 222 2c2d? (1 — c2x2) 2c3d2
b z(a+beos™ (cz) (a +bcos™(cx)) tanh™* (ei C05_1(000))
T 283d2V/1 — 22 * 2c2d? (1 — c?x2) c3d?
b z(a+beos™(cz) (a+bcos™(cx))tanh ™" (e“"s_l(“)>
203d2/1 — 22 MY (1 —c22?) c3d?
b z(a+boos(cz) (a +bcos™!(cz)) tanh ™" (ei Cos_l(“))
T 283d2V/1 — 22 * 2¢2d? (1 — c?z?) c3d?

Mathematica [A]
time = 0.13, size = 251, normalized size = 1.85
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Antiderivative was successfully verified.

[In] Integrate[(x"2*(a + bxArcCos[c*x]))/(d - c"2*d*x"2)"2,x]

[Out] -1/4%(2%a*xc*x + 2xb*Sqrt[1 - c™2*x"2] + 2*b*c*x*ArcCos[c*x] + 2%b*ArcCos[c*
x]*Log[1 - E~(I*ArcCos[c*x])] - 2*bxc~2*x~2*ArcCos[c*x]*Log[l - E~(I*ArcCos
[c*x])] - 2xbxArcCos[c*x]*Log[1 + E~(I*ArcCos[c*x])] + 2%b*c~2xx~2*ArcCos|[c
*xx]*Log[1 + E~(I*ArcCos[c*x])] + axLogl[l - c*x] - axc™2*x"2xLog[l - c*x] -
axLog[1 + c*x] + axc™2*x"2*Log[l + c*x] - (2*I)xb*(-1 + c~2*x"2)*PolyLogl[2,
-E~(I*ArcCos[c*x])] + (2%I)*b*(-1 + c~2%x~2)*PolyLog[2, E~(I*ArcCos[c*x])]

)/ (c™3%d"2% (-1 + c~2*x"2))

Maple [A]
time = 0.49, size = 228, normalized size = 1.68

method result
. 22
/5.9 5 1 b 1 —cz—i\/ —C°L* -
_ a _aln(ez+1) a +a1n(ca:—1)_barccos(ca:)cm_b _C2$2 + 1 + arceos(er) n<l o
X . L. 4d2 (cz+1) 4d2 4d2(cz—1) 4d2 242 (szz_l) 242 (6212_1) 242
derivativedivides

£/ 2 2
/9.9 7 1 b In{1-czx—iy —C“T* -
a _aln(cz+1) a 44 In(cx—1) barccos(cz)cx b —C2.’L'2 + 1 arccos(cz) n( e

T 4dZ(cz+1) 442 4d2(cz—1) 442 242 (czzz _1) 2d2 (szz _1) 2d2

default

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(at+b*arccos(c*x))/(-c~2*d*x~2+d) ~2,x,method=_RETURNVERBOSE)

[Out] 1/c”3*(-1/4xa/d"2/(c*x+1)-1/4*%a/d"2*1n(c*x+1)-1/4*a/d"2/(cxx-1)+1/4*a/d"2*x1
n(c*x-1)-1/2xb/d"2/(c"2*x"2-1) *arccos (c*x) *c*x-1/2*b/d"2/ (c"2*x"2-1) * (-c~2*
x"2+1)7(1/2)+1/2%b/d"2*arccos (c*x) *1n(1-cxx-I* (-c™2*x~2+1) ~(1/2))-1/2*I*b/d
~2xpolylog(2,c*x+I*(-c~2*x~2+1)~(1/2))-1/2*b/d"2*arccos (c*x) *1n (1+c*x+I*(-c
“2xx72+1)~(1/2))+1/2*I*b/d"~2*polylog(2,-c*x-I*(-c~2*x~2+1)~(1/2)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arccos(c*x))/(-c~2*d*x~2+d)~2,x, algorithm="maxima")

[Out] -1/4%a*(2*x/(c”4*d"2*x"2 - c~2*d"2) + log(c*x + 1)/(c”3*%d"2) - log(c*x - 1)
/(c™3%d"2)) - 1/4%((2%c*x + (c72%x"2 - 1)*log(c*x + 1) - (c™2%x"2 - 1)*log(

-c*x + 1))*arctan2(sqrt(c*x + 1)*sqrt(-c*xx + 1), c*xx) - 4*x(c~5*%d"2*x"2 - ¢~
3*d~2)*integrate(1/4*(2xcxx + (c™2*%x"2 - 1)*log(c*x + 1) - (c™2*x"2 - 1)*lo
g(-cxx + 1))*sqrt(c*kx + 1)*sqrt(-c*x + 1)/(c”6*d"2*xx"4 — 2%c"4*xd"2*x"2 + c~
2xd"2), x))*b/(c"5*d"2*x"2 - c~3*d"2)
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Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(atb*arccos(c*x))/(-c~2*d*x"2+d)~2,x, algorithm="fricas")

[Out] integral((b*x~2*arccos(c*x) + a*x~2)/(c™4*d"2*x"4 - 2*%c~2*%d"2*x"2 + d~2), x
)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

a2 bx? acos (cx)
f ctrt—2c22241 dz + f cdrt—2c22241 dx

d2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(a+b*acos(c*x))/(—ck*2*d*xx**2+d) **2,x)
[Out] (Integral (a*x**2/(ck*dxx**4 — kc**2xx*x2 + 1), x) + Integral (b*x**2*acos(c

*x) / (cHx*kdkxxxd — 2xck*k2xx**2 + 1), x))/d**x2

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2x(atb*arccos(c#*x))/(-c~2*d*x"2+d)~2,x, algorithm="giac")
[Out] integrate((b*arccos(c*x) + a)*x~2/(c”2xd*x~2 - d)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ z2 (a + bacos(cz)) e
(d— 2 dz?)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2*(a + b*acos(c*x)))/(d - c~2xd*x~2)"2,x)
[Out] int((x"2*(a + b*acos(c*x)))/(d - c™2xd*x"2)"2, x)
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2(a+bArcCos(cz
311 [H (d_czdxz)ﬁ ) da

Optimal. Leaf size=57

bx 48 + bArcCos(cz)
2¢d?V'1 — c2x? 2c2d? (1 — c*z?)

[Out] 1/2x(at+b*arccos(c*x))/c”2/d"2/(-c~2xx~2+1)+1/2*b*x/c/d"2/(-c~2*xx~2+1)~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 57, normalized size of antiderivative = 1.00, number of

number of rules _  og7
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 23,
Rules used = {4768, 197}

a + bArcCos(cx) bx

2c2d? (1 — c?x?) + 2¢d2v/1 — 22

Antiderivative was successfully verified.
[In] Int[(x*(a + bxArcCos[c*x]))/(d - c~2xd*x"2)"2,x]

[Out] (bx*x)/(2*cxd~2+Sqrt[1 - c"2*xx72]) + (a + bxArcCos[c*x])/(2%c”™2*d"2x(1 - c~2
*x72))

Rule 197

Int[((a)) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] & EqQ[1/n + p + 1, 0]

Rule 4768

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*(x_)*((d_) + (e_.)*x(x_)"2)"(p_
.), x_Symbol] :> Simp[(d + e*x"2)"(p + 1)*((a + b*ArcCos[c*x]) n/(2*e*x(p +

1))), x] - Dist[b*x(n/(2*c*(p + 1)))*Simp[(d + exx"2)"p/(1 - c"2*%x~2)"pl, In
t[(1 - c™2%x"2)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x] /; FreeQ[{a,

b, ¢, d, e, p}, x] && EqQ[c~2*d + e, 0] && GtQ[n, 0] && NeQ[p, -1]

Rubi steps
-1 -1 b [ —Ltndx
/ z(a + bcos™(cz)) o O bcos™!(cz) (1—c222)3/
(d — c2dz?)® 2c2d? (1 — c2x?) 2cd?
bz a+ bcos™(cx)

T eVl — o | 228 (1= )
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Mathematica [A]
time = 0.04, size = 49, normalized size = 0.86

a+ becxv1—c?z? + bArcCos(cz)

2c2d? — 2c4d?x?

Antiderivative was successfully verified.

[In] Integrate[(x*(a + b*ArcCos[c*x]))/(d - c~2*d*x"2)"2,x]
[Out] (a + b*ckxxSqrt[l - c”2*x"2] + bxArcCos[c*x])/(2*%c™2*d"2 - 2%c~4*d"2%x"2)

Maple [A]
time = 0.17, size = 98, normalized size = 1.72
method result size
b arccos(cz) \/_ (CSL‘ + 1)2 + 26‘1" + 2 \/_ (Cx - 1)2 - 261; + 2
_2(c212—1) - 4(cz+1) - 4(cz—1)
N . . . _2d2(c2az2—1)+ d2
derivativedivides = 98
b arccos(cz) \/_ (Cx + 1)2 + 261" + 2 \/_ (Cx - 1)2 - 201; + 2
_2(c212—1> - 4(cz+1) - 4(cz—1)
_ a + .
default 22(2e2 1) ~ i 98

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(at+b*arccos(c*x))/(-c"2xd*x"2+d) ~2,x,method=_RETURNVERBOSE)

[Out] 1/c~2x(-1/2*a/d"2/(c"2*x"2-1)+b/d"2*x(-1/2/(c"2*x~2-1) *arccos (c*x)-1/4/ (cxx+
1) % (= (c*xx+1) "2+2%c*x+2) " (1/2)-1/4/ (c*x-1) * (- (c*x—-1) "2-2*c*xx+2) ~(1/2)))

Maxima [B] Leaf count of result is larger than twice the leaf count of optimal. 136 vs.

2(50) = 100.
time = 0.48, size = 136, normalized size = 2.39

1 ((\/ —c2r2+1Ad? V-2 +1 02d2> 2 2 arccos (cz) >b B a
2(

4 c'd*z + cbd* c’d*z — cbd* cAd?z? — c2d? cAd?x? — c2d?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arccos(c*x))/(-c~2xd*x~2+d)~2,x, algorithm="maxima")

[Out] -1/4%((sqrt(-c™2*x"2 + 1)*c~2*%d"~2/(c"7*d"4*x + c~6%d"4) + sqrt(-c™2*x"2 + 1
Y*cT2%d"2/(c”7T*d"4*xx - c~6%d"4))*c”2 + 2*arccos(c*x)/(c”4*xd"2*%x"2 - c~2xd"2

))*b - 1/2%a/(c™4*d"2%x"2 - c~2%d"2)



82

Fricas [A]
time = 2.68, size = 54, normalized size = 0.95

ac’z? + vV —c?z? + 1 bex + barccos (cz)
2 (c*d?x? — 2d?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccos(c*x))/(-c~2xd*x~2+d)"2,x, algorithm="fricas")
[Out] -1/2*(axc™2*x”2 + sqrt(-c~2*x~2 + 1)*bxc*x + bx*arccos(c*x))/(c™4*d"2*x"~2 -
c~2xd~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

azr bz acos (cx)
f ctrt—2c27241 dz + f ctrt—2c22241 dx
d2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*acos(c*x))/(-ck*2*d*xx**2+d) **2,x)

[Out] (Integral(a*x/(c*x4xx*x4 — 2kc*k*2*x**2 + 1), x) + Integral (b*x*acos(c*x)/(c
*kAkxrkd — 2KCHRA¥XF¥*2 + 1), X))/d**2

Giac [A]
time = 0.44, size = 100, normalized size = 1.75
_ bz arccos (cz) ax? _ V=ct?+1bz barccos (cz) L o
2(c2?2 —1)d?> 2(c2x2—-1)d®> 2(c*z?—1)cd? 2 c2d? 2 c2d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arccos(c*x))/(-c"2*d*x~2+d)~2,x, algorithm="giac")

[Out] -1/2%b*x~2*arccos(c*x)/((c™2%x"2 - 1)*d~2) - 1/2*a*x”~2/((c™2*x"2 - 1)*d"2)
- 1/2xsqrt(-c”2*x"2 + 1)*b*x/((c™2*%x"2 - 1)*c*d~2) + 1/2%b*arccos(c*x)/(c"2
*d~2) + 1/2%a/(c”2*d"2)

Mupad [F]

time = 0.00, size = -1, normalized size = -0.02

/x (a+ bacos(cz)) s
(d — c2dz?)®

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*(a + b*acos(c*x)))/(d - c~2xd*x"2)"2,x)
[Out] int((x*(a + b*acos(c*x)))/(d - c™2xd*x~2)"2, x)
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3.12 f a—l—bAI‘CCOS(cx) dr

(d—c?dz?) 2
Optimal. Leaf size=132
b +x(a + bArcCos(cz)) . (a + bArcCos(cz)) tanh ™" (e#AreCos(e@))  jbPolyLog (2, —etAreCos(ee
2cd?V1 — c2x? 2d?% (1 — c2x?) cd? 2cd?

[Out] 1/2*x*(a+b*arccos(c*x))/d"2/(-c"2%xx~2+1)+(at+b*arccos (c*x))*arctanh (cxx+I*(-
c~2xx"2+1)7(1/2)) /c/d"2-1/2xI*b*polylog(2,-c*xx-I*(-c"2*xx~2+1)~(1/2))/c/d"2+
1/2*%Ixb*polylog (2, cxx+I*(-c~2*x~2+1)~(1/2))/c/d"2+1/2%b/c/d~2/(-c~2*x~2+1) "~

(1/2)

Rubi [A]
time = 0.07, antiderivative size = 132, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.273,

steps used = 8, number of rules used = 6, integrand size = 22,
Rules used = {4748, 4750, 4268, 2317, 2438, 267}

z(a + bArcCos(cz)) + tanh ™" (eArCos(«@)) (g + bArcCos(cz))  ibLip (—eiAreCos(ca)) 4 ibLi, (eAreCos(er)) + b
2d? (1 — 22?) cd? 2cd? 2cd? 2¢d?v/1 — c2x2

Antiderivative was successfully verified.
[In] Int[(a + b*ArcCos[c*x])/(d - c~2%d*x~2)~2,x]

[Out] b/(2%c*d"2xSqrt[1 - c™2*x"2]) + (xx(a + b*ArcCos[c*x]))/(2%d"2*(1 - c~2*x~2
)) + ((a + bxArcCos[c*x])*ArcTanh[E~ (I*ArcCos[c*x])])/(cxd~2) - ((I/2)*bx*Po
lyLog[2, -E~(I*ArcCos[c*x])]1)/(c*d~2) + ((I/2)*b*PolyLogl[2, E~(I*ArcCos[c*x
1)1)/(c*xd”2)

Rule 267

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2438
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2

, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 4268
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Int[cscl(e_.) + (£_)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) “m*(ArcTanh[E~(I*(e + f*xx))1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)~(m - 1)*Logl[l - E~(I*(e + £*x))1, xI, x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Log[1 + E~(Ix(e + £*x))], x], x]1) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 4743

Int[((a_.) + ArcCos[(c_)¥(x)1*(b_.))"(n_)*((d) + (e_)*(x)"2) (), x_
Symbol] :> Simp[(-x)*(d + e*x”2)"(p + 1)*((a + bxArcCos[c*x]) n/(2*d*(p + 1
))), x] + (Dist[(2*p + 3)/(2*d*(p + 1)), Int[(d + exx"2)"(p + 1)*(a + b*Arc
Cos[c*x])"n, x], x] - Dist[b¥c*x(n/(2*%(p + 1)))*Simp[(d + exx~2)~p/(1 - c 2%
x72)7p), Intl[x*(1 - c™2*xx"2)7(p + 1/2)*(a + b*ArcCos[c*x])"(n - 1), x], x])
/; FreeQ[{a, b, c, d, e}, x] &k EqQlc™2xd + e, 0] && GtQ[n, 0] && LtQlp, -
11 && NeQ[p, -3/2]

Rule 4750

Int[((a_.) + ArcCos[(c_.)*(x)1*(b_.))"(n_.)/((d)) + (e_)*(x)"2), x_Symbo
1] :> Dist[-(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQlc™2*d + e, 0] && IGtQ[n, O]

Rubi steps
/ a + bcos ' (cx) - z(a + becos™(cx)) N (be) [ m dz . [ % dr
(d — c2dz?)? o 2d2 (1 — c2a?) 242 2d
_ b N z(a + becos™(cx)) _ Subst( [ (a + bz) csc(z) dz, z, cos ™} (cz))
T 2dVi-2 | 28 (1- ) o
b z(a + bcos™!(cx)) (a4 bcos™*(cx)) tanh ™! (ei COS_l(“))
B 2cd2v/1 — c2x2’ + 2d? (1 — c2x?) T cd? +
b 2(a+beos(cz))  (a+Dbeos™!(cz)) tanh™ (ei cos—l(cm)>
T elVi—car | (-t v -
b z(a + bcos™!(cx)) (a+ bcos™(cz)) tanh ™ (ei c05_1(%))
T adVi-o | (- 7 -

Mathematica [A]
time = 0.14, size = 220, normalized size = 1.67

b\/@ + bW _ 4%:{1“ + bA!‘,CS?:(:z) _ bAr’cS?jw) _ QbAl‘CCOS(c;)107<|,,xAmCuﬂ(m7) 4 26ArcCos(cz) ](,\i(<1+evAn,Cm(r:7) _ alug({l—m,) n ,u(,g(fpﬂ,,,) _ 2szolyLog(%:,S'An,cm(r,y) N Q»bPolyLog(f,e“\“C‘N”))
4d?

bS

(it
bl
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Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCos[c*x])/(d - c~2*d*x~2)"2,x]

[Out] ((b*Sqrt[1 - c™2*x72])/(c - c™2%x) + (bxSqrt[1l - c™2*x"2])/(c + c”2*x) - (2
*xaxx) /(-1 + c"2%x72) + (b*ArcCos[c*x])/(c - c™2xx) - (bxArcCos[c*x])/(c + c

~2*x) - (2xb*ArcCos[c*x]*Log[1l - E~(I*ArcCos[c*x])])/c + (2xbxArcCos[c*x]*L

ogll + E~(I*ArcCoslc*x])]1)/c - (axLogl[l - c*x])/c + (a*xLogl[l + c*x])/c - ((
2xI)*b*PolyLog[2, -E~(I*ArcCos[c*x])])/c + ((2*I)*b*PolyLogl[2, E~(I*ArcCos[
cxx])1)/c)/(4%d72)

Maple [A]
time = 0.20, size = 228, normalized size = 1.73

method result
./ 2 2
a aln(cz+1) a aln(cz—1) barccos(cx)cz b\ —C2CL'2 + ]. barccos(ex) ln(l—cw—z T
derivativedivid _4d2(cz+1)+ 4d?2 " 4d2(ca—1)  4dZ 242 (62w2_1) T a2 (czzz_l) - 242
erivativedlividaes
A/ 2 2
_ a +a1n(cz+1) _ a _aln(ecz—1) barccos(cx)exz _ bV —C2.’IJ2 + 1 _ barecos(ca) In (l—cm—z '
default 4d2 (cz+1) 4d2 4d2 (cz—1) 442 242 (szz,l) 242 (C2z2,1) 242
erau

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccos(c*x))/(-c~2*d*x~2+d) ~2,x,method=_RETURNVERBOSE)

[Out] 1/cx(-1/4*a/d"2/(c*x+1)+1/4*a/d"2*1n(c*x+1)-1/4*a/d"2/ (c*x-1)-1/4*a/d~2*1n(
cxx-1)-1/2%b/d~2/ (c"2*x"2-1) *arccos (cxx) *c*x-1/2*¥b/d"2/ (c"2*%x"2-1) * (-c"2*x~
2+1)7(1/2)-1/2xb/d"~2*arccos (c*x) *1n(1-cxx-I* (-c™2*x~2+1) " (1/2) ) +1/2*I*b/d"2
*polylog(2, cxx+I*(-c™2*xx"2+1)~(1/2))+1/2%b/d"2*arccos (c*x) *1n(1+c*x+I*(-c~2
*x"2+1)~(1/2))-1/2*%I*b/d"2*polylog(2,-cxx-I*(-c~2*xx~2+1)~(1/2)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccos(c*x))/(-c"2xd*x~2+d) "2,x, algorithm="maxima")

[Out] -1/4%a*(2*x/(c”2*%d"2*x"2 - d”2) - log(c*x + 1)/(cxd"2) + log(c*x - 1)/(c*xd”
2)) - 1/4%((2%c*x - (c™2*x"2 - 1)*log(c*x + 1) + (c™2*xx"2 - 1)*log(-c*x + 1
))*arctan2(sqrt(cxx + 1)*sqrt(-c*x + 1), c*x) + 4*x(c™3*d"2%x"2 - c*xd~2)*int
egrate(-1/4%(2xcxx - (c™2*%x"2 - 1)*log(c*x + 1) + (c™2*x"2 - 1)*log(-c*x +

1)) *sqrt(c*x + 1)*sqrt(-c*x + 1)/(c™4*d"2*x"4 - 2%c~2*d"2*x"2 + d72), x))*b
/(c™3%d"2*%x"2 - c*d~2)
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Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arccos(c*x))/(-c"2xd*x~2+d) ~2,x, algorithm="fricas")
[Out] integral((b*arccos(c*x) + a)/(c™4*d"2*x"4 - 2%c~2*%d"2*%x"2 + d~2), x)
Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
f a dr + f bacos (cz) dz
cizt—2c2z2+1 ctzt—2c2z2+1
d2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acos(c*x))/(—c**x2*d*xx**2+d)**2,x)

[Out] (Integral(a/(c**4*x**x4 — 2xc**x2*x*x*2 + 1), x) + Integral (b*acos(ckx)/(c*x*x4x*
Xkk4 — 2kCHkRkx*k*2 + 1), x))/d**2

Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccos(c*x))/(-c"2xd*x~2+d) ~2,x, algorithm="giac")
[Out] integrate((b*arccos(c*x) + a)/(c”2xd*x"2 - d)"2, x)
Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

/a + bacos(cxz) i
(d—c2dx?)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*acos(c*x))/(d - c~2*d*x"2)"2,x)
[Out] int((a + b*acos(c*x))/(d - c~2*d*x"2)"2, x)
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a+bArcCos(cz
3.13 | $(d_62dx2)2( ) de

Optimal. Leaf size=122

bex Lot bArcCos(cz) +2(a + bArcCos(cz)) tanh ™" (e2AreCos(«@))  jpPolyLog (2, —e2iArcCos(<e))
2d2v/1 — 212 2d? (1 — 2x?) d? 2d>?

[Out] 1/2*(at+b*arccos(c*x))/d~2/(-c”2*x"2+1)+2* (a+b*arccos (c*x))*arctanh ( (cxx+Ix*(
-c"2%x"2+1)7(1/2))~2) /d"2-1/2*I*b*polylog(2,- (c*xx+I*(-c™2*xx~2+1)~(1/2))"2)/
d~2+1/2*%I*b*polylog(2, (ckx+I*(-c~2*x~2+1)~(1/2))~2)/d~2+1/2*b*c*x/d~2/(-c"2
*x"2+1)~(1/2)

Rubi [A]
time = 0.12, antiderivative size = 122, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.280,

steps used = 9, number of rules used = 7, integrand size = 25,
Rules used = {4794, 4770, 4504, 4268, 2317, 2438, 197}

a+ bAI’CCOS(C‘T) Ztanh’I (e2iArcCos(cz)) (a + bAI‘CCOS(C.’I?)) ibLi2(_62iArcCos(cw)) N lbL12 (eQiArCCOS(c:c)) N bex
242 (1 — x?) a2 242 2d? 2d2v/1 — 2a?’

Antiderivative was successfully verified.
[In] Int[(a + b*ArcCos[c*x])/(x*(d - c~2*d*x"2)"2),x]

[Out] (b*c*x)/(2*d~2#Sqrt[1 - c™2*%x~2]) + (a + b*ArcCos[c*x])/(2*xd"2*(1 - c™2*x"2
)) + (2x(a + b*ArcCos[c*x])*ArcTanh[E~ ((2*I)*ArcCos[c*x])])/d"2 - ((I/2)x*b*
PolyLog[2, -E~((2*I)*ArcCos[c*x])])/d~2 + ((I/2)*bxPolyLogl[2, E~((2*I)*ArcC
os[c*x])])/d™2

Rule 197

Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] & EqQ[1/n + p + 1, 0]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2438
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 4268
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Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) "mx(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Logl[l + E~(Ix(e + fxx))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, O]

Rule 4504

Int[Cscl[(a_.) + (b_)*(x)]1"(a_.)*((c_.) + (d_.)*(x_)) " (m_.)*Sec[(a_.) + (b
_I)x(x )17 (n_.), x_Symbol] :> Dist[2°n, Int[(c + d*x) m*Csc[2*a + 2xbxx]"n,
x], x] /; FreeQ[{a, b, c, d, m}, x] & IntegerQ[n] && RationalQ[m]

Rule 4770

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Dist[-d~(-1), Subst[Int[(a + b*x)"n/(Cos[x]*Sin[x]), x], x, Ar
cCoslc*x]], x] /; FreeQl{a, b, c, d, e}, x] && EqQ[c~2*d + e, 0] && IGtQ[n,
0]

Rule 4794

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.)) " (n_.)*((f_.)*(x_)) " (m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[(-(f*x)"(m + 1))*(d + e*x"2)"(p + D *((a

+ bxArcCos [c*x]) “n/(2xdxfx(p + 1))), x] + (Dist[(m + 2%p + 3)/(2*d*(p + 1))
, Int[(f*x) "m*(d + exx"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Dist[b*cx*
(n/(2*fx(p + 1)))*Simp[(d + e*xx"2)"p/(1 - c™2*xx"2)"p], Int[(f*x)~(m + 1)*(1
- ¢c™2%x72)"(p + 1/2)*(a + bxArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b,

c, d, e, £, m}, x] && EqQ[c™2xd + e, 0] && GtQ[n, 0] && LtQ[p, -1] && !GtQ
[m, 1] && (IntegerQ[m] || IntegerQlp] || EqQ[n, 11)

Rubi steps
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a+ beos™(cx) a+beos(cx) (0¢) J m dz [ %m dz
/ z (d — c2dx?)? T o (1— c2a?) 2d? + d
bex a+bcos~(cz) Subst([(a+ bz)csc(z)sec(z) dz, z, cos™ (cx)
TaeVi-or | 2R(-cd) @
bex a+bcos'(cx) 2Subst([(a+ bx)csc(2z) dz, z, cos™ (cz))

B 2d2v/1 — c2x2 * 2d% (1 — c?z?) - a?

bex a + bcos™!(cz) 2(a + beos™ (cx)) tanh ™! (e% °°S_1(C$)> bSt
T Vi | 2(-ca?) | 7 +
bex a+beosi(cz) 2(a+b cos }(cz)) tanh ™! (e% COS‘l(cz)> (b
TorVi—or | 2(1-da) e S
bex a+ becos™(cz) 2(a + bcos™'(cx)) tanh™! (e% cos‘1(690)> ibLL

2d2v/1 — 222 * 2d% (1 — c*z?) * a?

Mathematica [A]
time = 0.29, size = 152, normalized size = 1.25

9 + 2alog(z) — alog (1 — c*2?) + b(il L+ 7‘1\?3252(“) — 2ArcCos(cz) log (1 — eAreCes(ea)) + 9ArcCos(cz) log (1 + e2AreCes(e)) — jPolyLog (2, —eArCes(<2)) + jPolyLog(2, ez““‘c“(”)))
Vi—cx

=2

2d4?

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcCos[c*x])/(x*(d - c~2*d*x~2)"2),x]

[Out] (a/(1 - c™2*%x"2) + 2xaxLogl[x] - a*Logl[l - c~2*x~2] + bx((c*x)/Sqrt[l - c™2%
x"2] + ArcCos[c*x]/(1 - c"2*x"2) - 2xArcCos[c*x]*Log[1 - E~((2*I)*ArcCos[c*

x])] + 2*xArcCos[c*x]*Log[1 + E~((2*I)*ArcCos[c*x])] - I*PolyLog[2, -E~((2*I
)*ArcCos [c*x])] + I*PolyLogl[2, E~((2*I)*ArcCos[c*x])]))/(2xd~2)

Maple [B] Both result and optimal contain complex but leaf count of result is larger than
twice the leaf count of optimal. 339 vs. 2(143) = 286.
time = 1.22, size = 340, normalized size = 2.79

method result
. 2 12
. . o. a __aln(cz41) a __ aln(cz—1) aln(cz)  ibc?a? _ bezV—C*2% + 1 _
derivativedivides | zr71 242 12 (ca—1) 2@ T & 242 (22 —1) 2d2(c?22—1)
default a __aln(cz+1) a __ aln(cz—1) + aln(cx)  ibc?a? __ bezV/ —c2x2 +1 _
4d2(cz+1) 2d2 4d?(cz—1) 2d2 d2 2d2(c2z2-1) 2d2(c2z2-1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arccos(c*x))/x/(-c"2*d*x"2+d) ~2,x,method=_RETURNVERBOSE)

[Out] 1/4*a/d~2/(cxx+1)-1/2%a/d"2x1n(c*x+1)-1/4%a/d"2/(c*x-1)-1/2*a/d"2*1n(c*x-1)
+a/d"2*1n(c*x)-1/2%I*b/d~2/(c™2%x"2-1) *c™2*x~2-1/2%b/d~2/ (c"2%x"2-1) *c*xx* (-
c2%x72+1)7(1/2)-1/2%b/d"2/ (c"2*x~2-1) *arccos (c*x) +1/2*I*b/d~2/ (c"2*x~2-1) -
b/d~2*arccos (c*x)*1n(1-c*xx-I*(-c~2*x~2+1)~(1/2))+I*b/d"2*polylog(2, cxx+I* (-
c~2*x"2+1)~(1/2))-b/d"2*arccos (c*x) *1n(1+cxx+I*(-c~2*x~2+1) " (1/2)) +I*b/d"2x%
polylog(2,-cxx-Ix(-c~2*x"2+1)~(1/2))+b/d"2*arccos (c*x)*1n (1+(c*x+I* (-c™2*x"
2+1)7(1/2))~2)-1/2*%I*b*polylog(2,-(c*x+I*(-c~2*x~2+1)~(1/2))~2)/d"2

Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arccos(c*x))/x/(-c”2*d*x"2+d)~2,x, algorithm="maxima")

[Out] -1/2%a*x(1/(c”2%d"2%x"2 - d72) + log(c*x + 1)/d"2 + log(c*x - 1)/d"2 - 2xlog
(x)/d°2) + bxintegrate(arctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/(c™4*d"2%
X756 - 2%c72xd"2*x"3 + d"2*x), Xx)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arccos(c*x))/x/(-c”2xd*x~2+d)~2,x, algorithm="fricas")
[Out] integral((b*arccos(c*x) + a)/(c”4*d"2*x"5 - 2%c~2xd~2*x"3 + d~2*x), Xx)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
f c4x5—2aczac3+x dz + f c4alc’;fo2scgcz?+$ dzx
d2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acos(c*x))/x/ (-ck*2*d*x**2+d) **2,x)

[Out] (Integral(a/(c**4xx*x5 — 2%c**x2*x**3 + x), x) + Integral(b*acos(c*x)/(cx*4x
XKk — 2kck*kQkx*x*3 + x), x))/d**2
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccos(c*x))/x/(-c~2*d*x~2+d)~2,x, algorithm="giac")

[Out] integrate((b*arccos(c*x) + a)/((c™2*d*x"2 - d)~2%x), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ a + bacos(cz) d

z(d—c2dz?)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*acos(c*x))/(xx(d - c™2xd*x~2)"2),x)
[Out] int((a + b*acos(c*x))/(x*x(d - c”2*xd*x~2)"2), x)
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3.14 f a—l—bAI‘CCOS(cx) dr

x2(d—c2dx2)2

Optimal. Leaf size=177

be _a+bArcCos(cz) | 3c*z(a + bArcCos(cz)) +3c(a + bArcCos(cz)) tanh ™" (efAreCos(ca)) N @
2d2\/ 1 — c2x2 d?z (1 - 02.’132) 2d>? (1 — 021172) d?

[Out] (-a-b*arccos(c#*x))/d~2/x/(-c~2*x~2+1)+3/2xc”~2*x* (a+b*arccos(c*x))/d~2/(-c"2
*x”2+1)+3*c*x (a+b*arccos (c*x) ) *arctanh (c*x+I* (-c~2*x~2+1) ~(1/2))/d"2+b*c*arc
tanh((-c™2%x"2+1)~(1/2))/d~2-3/2*I*b*c*polylog(2,-c*x—I*(-c~2*x~2+1)~(1/2))
/d~2+3/2xIxb*c*polylog (2, ckx+I*(-c~2*%x"2+1)~(1/2))/d~2+1/2*%bxc/d~2/ (-c~2*x"~
2+1)7(1/2)

Rubi [A]

time = 0.13, antiderivative size = 177, normalized size of antiderivative = 1.00, number of

steps used = 13, number of rules used = 11, integrand size = 25, number of rules _ 0.440,
integrand size

Rules used = {4790, 4748, 4750, 4268, 2317, 2438, 267, 272, 53, 65, 214}

3c?z(a + bArcCos(cz)) _ a+bArcCos(cz) | 3ctanh™ (¢4r%(=)) (a + bArcCos(cz))  3ibeLip(—eiAre(=))  3ibeLi (eAreCes(e)) + be + betanh ™! ( V1-cia? )
238 (1= 22 Pz (1= a?) 2 Y2 2@ YW gy @

Antiderivative was successfully verified.
[In] Int[(a + b*ArcCos[c*x])/(x"2*(d - c~2*xd*x"2)"2),x]

[Out] (bxc)/(2*d"2xSqrt[1 - c™2*x"2]) - (a + b*ArcCos[c*x])/(d"2*x*(1 - c~2*x"2))
+ (3%c™2xx*(a + b*ArcCos[c*x]))/(2%d"2%(1 - c”2%xx"2)) + (3*c*x(a + bxArcCos
[c*x])*ArcTanh [E~ (I*ArcCos[c*x])])/d"2 + (b*cxArcTanh[Sqrt[1 - c~2*x~2]])/d

=2 - (((3%I)/2)*bxcxPolyLog[2, -E~(I*ArcCos[c*x])])/d~2 + (((3*I)/2)*b*c*Po
lyLog[2, E~(I*ArcCos[c*x])])/d"2

Rule 53

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)~(n + 1)/((b*c - axd)*(m + 1))), x] - Dist[d*((
m+n+ 2)/((bxc - axd)*(m + 1))), Int[(a + b*xx)"(m + 1)*(c + d*x)"n, x], X
1 /; FreeQl[{a, b, c, d, n}, x] && NeQ[b*c - a*d, 0] && LtQ[m, -1] && !'(LtQ
[n, -1] && (EqQla, 0] || (NeQ[c, 0] && LtQ[m - n, 0] && IntegerQ[nl]))) && I
ntLinearQ[a, b, ¢, d, m, n, x]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
dx(x"p/b))"n, x1, x, (a + bxx)~(1/p)], x11 /; FreeQl{a, b, c, d}, x] && NeQ
[b*c - axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
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ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 214

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 267

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(a + b*x"n)
“(p + 1)/(b*nx(p + 1)), x] /; FreeQ[{a, b, m, n, p}, x] && EqQ[m, n - 1] &&
NeQ[p, -1l

Rule 272

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logl[a + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

Rule 2438

Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 4268

Int[cscl(e_.) + (f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) “m*x(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)“(m - 1)*Log[1l - E~(Ix(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - D*Logl[l + E"(Ix(e + £xx))], x], x]) /; FreeQl{c, 4, e, £}, x] && IGtQ
[m, 0]

Rule 4748

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)*((d_) + (e_.)*x(x_)"2)"(p_), x_
Symbol] :> Simp[(-x)*(d + exx"2)~(p + 1)*((a + b*ArcCos[c*x]) n/(2*d*(p + 1
))), x]1 + (Dist[(2*p + 3)/(2*d*(p + 1)), Int[(d + exx"2)"(p + 1)*(a + b*Arc
Cos[c*x])"n, x], x] - Dist[b*cx(n/(2*%(p + 1)))*Simp[(d + e*x~2)"p/(1 - c™2%
x72)7p), Int[x*x(1 - c”2*%x"2)"(p + 1/2)*(a + b*ArcCos[c*x])"(n - 1), x], x])
/; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && GtQ[n, 0] && LtQ[p, -
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1] && NeQ[p, -3/2]

Rule 4750

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symbo
1] :> Dist[-(c*d)~(-1), Subst[Int[(a + b*x) n*Csc[x], x], x, ArcCos[c*x]],
x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n, O]

Rule 4790

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.)) " (n_.)*x((f_.)*(x_))"(m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)"(m + 1)*(d + exx"2)"(p + 1)*((a + b
*xArcCos[c*x])"n/(d*fx(m + 1))), x] + (Dist[c™2*x((m + 2%p + 3)/(f"2x(m + 1))
), Int[(f*x)~(m + 2)*(d + e*x~2) px(a + bxArcCos[c*x])"n, x], x] + Dist[b*c
*(n/(fx(m + 1)))*Simp[(d + e*x"2)"p/(1 - c™2*x"2)7p], Int[(f*x)~"(m + 1)*(1
- ¢ 2%x72) " (p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b, c
, d, e, £, p}, x] & EqQ[c™2*d + e, 0] && GtQ[n, 0] && ILtQ[m, -1]

Rubi steps
a+ bcos™(cz) a+ bcos™(cx) o [ a+bcos™(cz) (be) | m(l_czlzz)?’/? dz
2 27,22 T T B2z (1 — c2z2 (3¢%) 2dp2)? 8T 2

22 (d — c?dx?) d?z (1 — c2x?) (d — c2dz?) d
_a+ bcos~i(cx) 3c’z(a+ becos(cx)) B (bc)Subst <f m(l_cl%)g/z d, x,w2> N (_3
 d2z (1 — c2x?) 2d? (1 — c2x?) 2d?
_ be _a+bcos!(cx) N 3c*z(a +beos !(cx)) (3¢c)Subst( [ (a + bz) c
221 — 222 d?z (1 — c%z?) 2d? (1 — 2x?) 2
B be _a+bcos™!(cz) N 3c2z(a + beos™(cx)) 3c(a + beos™!(cx)) ta
T od2v/1 — 212 d?z (1 — c%z?) 2d? (1 — 2x?) d?

_ be _a+bcos!(cx) | 3c*z(a+bcos™!(cx)) N 3c(a + beos™!(cx)) ta
T olVi—2zz &z (1 - c2a?) 242 (1 — c222) p
be a+bcos™Hczx) 3c*z(a+ beos™(cx)) 3c(a + beos™ (cr)) tar

T o2y/1-ca? Az (1-c?) LY (1 —c2z?)

Mathematica [A]
time = 0.25, size = 251, normalized size = 1.42

—ta g eVA=dat eIt say,  whreCosien . mhreCosien  ixAreCosten) _ gepreCos(er) log (1 — eANO() + GheAreCos(er) log (1 + A=) — dbelog(z) — Baclog(1 - cz) + Jaclog(1 +cz) + dbelog (1 + VI= @ ) = GibePolyLog(2, ~eNc) + GibcPolyLog(2, A=)

d2
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Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcCos[c*x])/(x"2*(d - c~2*d*x~2)"2),x]

[Out] ((-4#%a)/x + (b*c*Sqrt[l - c™2*x72])/(1 - cxx) + (b*cxSqrt[1l - c™2*x"2])/(1

+ cxx) - (2%axc™2*x)/(-1 + c™2%xx72) - (4xbxArcCos[c*x])/x + (b*c*ArcCos[c*x
1)/(1 - c*x) - (b*c*ArcCos[c*x])/(1 + c*x) - 6%b*cxArcCos[c*x]*Log[l - E~(I
*ArcCos [c*x])] + 6%b*xc*kArcCos[c*x]*Log[1l + E~(IxArcCos[c*x])] - 4xbxcxLogl[x
] - 3%axc*Logl[l - c*x] + 3*axcxLogl[l + c*x] + 4%b*c*Log[l + Sqrt[l - c™2*x~
211 - (6*I)*bxc*PolyLog[2, -E~(I*ArcCos[c*x])] + (6*I)*bxc*PolyLog[2, E~(I*
ArcCos[c*x])])/(4*d~2)

Maple [A]
time = 0.63, size = 257, normalized size = 1.45

method result

derivativedivides | ¢l — a + 3aln(cz+1) a __3aln(cz—1)  aq _ 3barccos(cx)cx _ b —c2r2 4+ 1
4d?(cz+1) 4d? 4d?(cz—1) 4d? d?cx 2d2(c2z2-1) 2d2(c2z2-1)

default el — a + 3aln(cz+1) a __3aln(cz—1)  a _ 3barccos(cx)ecx b —c2z?2 4+ 1
4d?(cz+1) 4d? 4d?(cz—1) 4d? d2cz 2d2(c2z2-1) 2d2(c2z2-1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccos(c*x))/x~2/(-c"2*d*x"2+d) ~2,x,method=_RETURNVERBOSE)

[Out] cx(-1/4%a/d~2/(c*xx+1)+3/4*a/d"2*1n(c*xx+1)-1/4*a/d~2/ (c*x-1)-3/4%a/d"2*1n(c*

x-1)-a/d~2/c/x-3/2*%b/d"2/ (c"2*x~2-1) *arccos (cxx) *c*x-1/2%b/d"2/(c"2*x"2-1) *
(-c™2*x"2+1)"(1/2)+b/d"2/(c"2*x"2-1) /c/x*arccos (cxx) -2*%I*b/d"2*arctan (c*xx+I
*x(—c™2%x"2+1) " (1/2))-3/2*I*b/d"2xdilog (c*kx+I*(-c~2*x"2+1)~(1/2))-3/2*I*b/d"
2xdilog(1+ckx+I*(-c~2*%x"2+1)~(1/2))+3/2%b/d"2*arccos (c*x) *1n(1+c*x+I* (-c™2*
x"2+1)°(1/2)))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccos(c*x))/x"2/(-c~2*d*x"2+d)~2,x, algorithm="maxima")

[Out] -1/4%a*(2%(3*%c™2%x"2 - 2)/(c™2xd"2*x"3 - d72*x) - 3*c*log(c*x + 1)/d"2 + 3%

cxlog(cxx - 1)/d”2) - 1/4%((6*%c™2*x~2 - 3%(c™3*x"3 - c*x)*log(cxx + 1) + 3%
(c™3%x73 - cxx)*log(-c*x + 1) - 4)*xarctan2(sqrt(c*x + 1)*sqrt(-c*x + 1), cx*
x) + 4x(c™2xd"2%x"3 - d72x*x)*integrate(-1/4*(6*c"3*x"2 - 3*%(c4*x"3 - c”2*x
)*¥log(c*x + 1) + 3%(c™4*x"3 - c™2*x)*log(-c*x + 1) - 4*c)*sqrt(c*x + 1)*sqr
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t(-c*x + 1)/(c™4*%d"2*%x"5 - 2%c™2%d"2*%x"3 + d"2*x), x))*b/(c”2*xd"2*x~3 - 4°2
*x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccos(c*x))/x"2/(-c~2*d*x"2+d)~2,x, algorithm="fricas")
[Out] integral((b*arccos(c*x) + a)/(c™4*d"2*x"6 - 2%c~2*%d"2*x"4 + d~2*x"2), x)
Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

a bacos (cz)
f ctxb—2c224 422 dz + f ctxb—2c2x4 422 dx

d2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acos(c*x))/x**2/(—c**2*xd*x**2+d) **2,x)
[Out] (Integral(a/(c**4xx*x6 — 2%c**x2*x**x4 + x**2), x) + Integral(b*acos(c*x)/(c*
*4*xk*%6 — kCkkkxkk4 + x**%2), x))/d**2

Giac [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arccos(c*x))/x"2/(-c~2*d*x"2+d)~2,x, algorithm="giac")

[Out] Timed out

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ a + bacos(cx) i

22 (d — 2dx?)’

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bx*acos(c*x))/(x"2*%(d - c~2*%d*x"2)"2),x)
[Out] int((a + b*acos(c*x))/(x"2%(d - c~2*d*x"2)"2), x)
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3.15 f a—l—bAI‘CCOS(cx) dr

x3(d—c2dx2)2
Optimal. Leaf size=159

be +02(a + bArcCos(cr)) a+ bArcCos(cz)  4c*(a+ bArcCos(cz)) tanh ™ (e¥4re0e(=) 4
2d2z V1 — c?x? d? (1 — c?x?) 2d2z2 (1 — c22?) d?

[Out] c~2*(at+b*arccos(c*x))/d"2/(-c"2xx"2+1)+1/2*(-a-b*arccos(c*x))/d~2/x"2/(-c"2
*x"2+1)+4*c~2* (at+b*arccos (c*x) ) *arctanh ((cxx+I* (-c™2*x~2+1)~(1/2))"2) /d"2-1
*xbxc~2*polylog(2,-(cxx+I*(-c~2*x"2+1)~(1/2))~2) /d~2+I*b*c"2*xpolylog(2, (c*xx+
Ix(-c™2%x"2+1)"(1/2))"2)/d"2+1/2xbxc/d~2/x/ (-c~2*x~2+1) ~(1/2)

Rubi [A]
time = 0.19, antiderivative size = 159, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.360,

steps used = 12, number of rules used = 9, integrand size = 25,
Rules used = {4790, 4794, 4770, 4504, 4268, 2317, 2438, 197, 277}

c*(a + bArcCos(cz))  a+ bArcCos(cz) + 4c? tanh ™" (e2AreCos(<2)) (g + bArcCos(cz))  ibc?Lip (—e2iAreCos(ca)) N ibc?Li, (e2iAreCos(ee)) + be
d2 (1 — c2a?) 2d222 (1 — c222) d? d? d? 2d%z V1 — 2z?

Antiderivative was successfully verified.

[In] Int[(a + bxArcCos[c*x])/(x"3*(d - c~2xd*x~2)"2),x]

[Out] (bxc)/(2xd"2xx*Sqrt[1 - c™2*x~2]) + (c™2*(a + bxArcCos[c*x]))/(d"2x(1 - c~2
*x72)) - (a + b*ArcCos[c*x])/(2%d"2%x"2%(1 - c™2%x72)) + (4*c™2x(a + b*ArcC

os [c*x])*ArcTanh [E™ ((2*I)*ArcCos[c*x])])/d"2 - (I*b*c~2*PolyLog[2, -E~((2*I
)*ArcCos[c*x])])/d~2 + (Ixbxc~2xPolyLog[2, E~((2*I)*ArcCos[c*x])])/d"2

Rule 197

Int[((a)) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x*((a + b*x™n)~(p + 1)
/a), x] /; FreeQ[{a, b, n, p}, x] && EqQ[i/n + p + 1, 0]

Rule 277

Int[(x_)~"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[x~(m + 1)*((
a+ bxx™n)"(p + 1)/(a*x(m + 1))), x] - Dist[bx((m + nx(p + 1) + 1)/(ax(m + 1
))), Int[x"(m + n)*(a + bxx"n)"p, x], x] /; FreeQ[{a, b, m, n, p}, x] && IL
tQ[Simplify[(m + 1)/n + p + 1], 0] && NeQ[m, -1]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, 0]
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Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

Rule 4268

Int[cscl(e_.) + (£_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2%(c + d*x) "m*x(ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Dist[d*(m/f), Int[(c + d
*x)"(m - 1)*Logl[l - E~(I*(e + f*x))], x], x] + Dist[d*(m/f), Int[(c + d*x)~
(m - 1)*Log[1 + E~(I*(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 4504

Int[Cscl(a_.) + (b_)*(x_ )] "(m_.)*((c_.) + (d_.)*(x_))"(m_.)*Sec[(a_.) + (b
_)*(x)17(n_.), x_Symbol] :> Dist[27n, Int[(c + d*x) m*Csc[2*a + 2*b*x] n,
x], x] /; FreeQ[{a, b, ¢, d, m}, x] & IntegerQ[n] && RationalQ[m]

Rule 4770

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)/((x_)*((d_ ) + (e_.)*x(x_)"2)),
x_Symbol] :> Dist[-d~(-1), Subst[Int[(a + b*x) n/(Cos[x]*Sin[x]), x], x, Ar
cCoslc*x]]1, x] /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && IGtQ[n,
0]

Rule 4790

Int[((a_.) + ArcCos[(c_.)*(x_)]1*(b_.))"(n_.)*((£f_.)*(x_))"(m_)*((d_) + (e_.
)*(x_)"2)"(p_), x_Symbol] :> Simp[(f*x)"(m + 1)*(d + exx"2)"(p + 1)*((a + b
xArcCos[c*x]) "n/(d*fx(m + 1))), x] + (Dist[c™2*((m + 2%xp + 3)/(£72x(m + 1))
), Int[(£*x)"(m + 2)*(d + e*x"2) p*x(a + bxArcCos[c*x])"n, x], x] + Dist[bx*c
*(n/(f*x(m + 1)))*Simp[(d + e*x"2)"p/(1 - c~2*x~2)7p], Int[(f*x)"(m + 1)*(1
- c™2xx72)"(p + 1/2)*(a + b*ArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b, c
, d, e, £, p}, x] && EqQ[c™2*d + e, 0] &% GtQ[n, 0] && ILtQ[m, -1]

Rule 4794

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))"(n_.)*((£f_.)*(x_)) " (m_)*((d_) + (e_.
)*x(x_)"2)"(p_), x_Symbol] :> Simp[(-(f*x)"(m + 1))*(d + exx"2)"(p + 1)*((a

+ bxArcCos [c*x]) “n/(2xd*xfx(p + 1))), x] + (Dist[(m + 2%p + 3)/(2xd*(p + 1))
, Int[(f*x) m*(d + exx"2)"(p + 1)*(a + b*ArcCos[c*x])"n, x], x] - Dist[b*cx*
(n/(2xfx(p + 1)))*Simp[(d + exx~2)"p/(1 - c~2*x"2)"p], Int[(f*x)"(m + 1)*(1
- ¢c™2%x72)"(p + 1/2)*(a + bxArcCos[c*x])~(n - 1), x], x]) /; FreeQ[{a, b,

c, d, e, £, m}, x] && EqQ[c™2xd + e, 0] && GtQ[n, 0] && LtQ[p, -1] && !GtQ
[m, 1] && (IntegerQ[m] || IntegerQlp] || EqQ[n, 11)



Rubi steps

a+bcos™(cx)

/ a+ bcos™(cz) dr —

N (202)/a+bcos_1(cx)d
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23 (d — da?)? T 28222 (1 - 2x?) z (d — 2dx?)? T 2d2
a COS_1 CcT
_ be N 2(a+beos~ (cz)) a+beosl(cx) = (2¢%) [ —:(1:1—02da§2)) da
2d2zV/1 — 2 d? (1 — c*2?) 2d%22 (1 — 22?) d
B be N 2(a+bcos™(cz)) a+bcosT'(cx)  (2¢%) Subst([(a+ ba
2221 — a? d? (1 — c2z?) 2d%z2 (1 — c*x?)
_ be N 2(a+bcos M(cz)) a+bcos'(cx)  (4c*) Subst([(a+ ba
T o221 — 242 d? (1 — c2x?) 2d%z? (1 — c%z?)
2 -1
B be N 2(a+beos™ (cx))  a+bcosi(cx) = 4C (a+beos™ (cz))
o251 — 222 d? (1 — c?z?) 2d%z2? (1 — c%x?) d
B be N 2(a+bcos™'(cz)) a+bcos™!(cx) 4c*(a + beos™ (cx))
2d2zV/1 — a2 d? (1 — c*2?) 2d2x? (1 — c2x?) d
2 -1
_ be N 2(a+beos™ (cx))  a+bcosi(cz)  4C (a+beos™ (cz))
T oVl — | B(l-c2?) | 2 (1 - a?) d
Mathematica [A]
time = 0.43, size = 217, normalized size = 1.36
B R b= S “ﬁm - "A’“f“s"“’ + ’"‘Affff”‘("] — 4bcArcCos(cz) log (1 — €2Ar<Co()) 4 4be? ArcCos(cz) log (1 + e%A™Cex() 4 4ac? log(x) — 2ac? log (1 — 22?) — 2ib*PolyLog (2, —*ACe*(=) + 2ibc>PolyLog (2, 2AmCos(es))

Antiderivative was successfully verified.

242

[In] Integrate[(a + b*ArcCos[c*x])/(x"3*(d - c~2*d*x~2)"2),x]

[Out] (-(a/x"2) + (a*c™2)/(1 - c”2*x"2) + (b*c™3*x)/Sqrt[l - c~2*x"2] + (b*c*Sqrt
[1 - c™2%x72])/x - (b*ArcCos[c*x])/x"2 + (b*c™2*ArcCos[c*x])/(1 - c~2%x"2)

- 4xbxc~2*ArcCos [c*x] *Log[1 - E~((2*I)*ArcCos[c*x])] + 4xbxc~2*ArcCos [c*x]*
Log[1 + E~((2*I)*ArcCos[c*x])] + 4*axc™2xLog[x] - 2*axc™2xLogl[l - c™2%x"2]

- (2*I)*b*c~2*PolyLog[2, -E~((2*I)*ArcCos[c*x])] + (2*I)*b*c~2*xPolyLogl[2, E

~((2*I)*ArcCos[c*x])])/(2*xd~2)
Maple [A]

time = 0.64, size = 347, normalized size = 2.18

’ method ‘ result
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. . P 2 a __aln(ecz+1) a __aln(ez—1) a 2aln(cx) _ barccos(cxz) _ bV —c2;
derivativedivides | ¢ 4d?(cz+1) d2 4d?(cz—1) d2 2d2c2x2 + d2 d?(c?z2-1) 2d2cz(c
default c? a __aln(cz+1) a __aln(cz—1) a + 2aln(cx) _ barccos(cx) _ bV —2;

4d?(cz+1) d2 4d2(cz—1) d2 2d2c2z2 d2 d?(c?z2-1) 2d2cz(c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arccos(c*x))/x~3/(-c~2*d*x~2+d) ~2,x,method=_RETURNVERBOSE)

[Out] c~2*(1/4*a/d~2/(c*x+1)-a/d"2*In(c*xx+1)-1/4*a/d~2/(c*x-1)-a/d"2*1n(c*x-1)-1/
2¥a/d~2/c”2/x"2+2*a/d"2*1n(c*x)-b/d"2/ (c"2*x"2-1) *arccos (c*x)-1/2*xb/d"2/c/x
/(c™2xx72-1) % (-c"2*x"2+1)~(1/2)+1/2%b/d"2/c"2/x"2/ (c"2*x"2-1) *arccos (c*x) -2
*b/d~2*arccos (cxx) *1n(1-cxx-I*(-c™2*x~2+1) " (1/2) ) -2*b/d"2*arccos (c*x) *1n(1+
cxx+I*(-c™2%x72+1) " (1/2) ) +2xb/d"2*arccos (c*x) *1n (1+(ckxx+I* (-c™2xx~2+1)~(1/2
))~2)+2xIxb/d~2*polylog(2, ckx+I*(-c~2*%x"2+1)~(1/2))+2*xI*b/d~2*polylog(2,-c*
x-Ix(-c™2*%x"2+1)~(1/2))-I*b/d"~2*polylog(2,- (cxx+I*(-c™2*xx~2+1)~(1/2))"2))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arccos(c*x))/x~3/(-c~2*d*x"2+d)~2,x, algorithm="maxima")

[Out] -1/2%a*x(2*c"2*log(c*x + 1)/d"2 + 2xc™2xlog(cxx - 1)/d"2 - 4*c”2*log(x)/d"2
+ (2%c™2xx72 - 1)/(c™2*%d"2*x"4 - d”~2*x"2)) + b*integrate(arctan2(sqrt(c*x +
D) *sqrt(-c*x + 1), c*x)/(c™4*d"2*x"7 - 2%c~2*d"2*xx~5 + d"2*x~3), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arccos(c*x))/x~3/(-c~2*d*x"2+d)~2,x, algorithm="fricas")
[Out] integral((b*arccos(c*x) + a)/(c”4*d"2*x~7 - 2%c~2xd"2*x"5 + d"2*%x"3), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00
J st G5+ [ ar s do
2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*acos(c*x))/x**3/ (—ck*2*d*x**2+d) **2,x)
[Out] (Integral(a/(c**4xx*x7 — 2%c**2*x**5 + x**3), x) + Integral(b*acos(c*x)/(c*

*4kxKkkT — 2kCHk*kkxk*k5 + x*%3), x))/d**2

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a+b*arccos(c*x))/x"3/(-c~2*d*x"2+d)~2,x, algorithm="giac")
[Out] integrate((b*arccos(c*x) + a)/((c™2xd*x~2 - d)~2*x"3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ a+ bacos(cx) i

23 (d — 2 da?)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxacos(c*x))/(x"3*%(d - c~2*%d*xx"2)"2),x)
[Out] int((a + b*acos(c*x))/(x"3*%(d - c~2xd*x"2)"2), x)
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3.16 [ z*(d + ez?) (a + bArcCos(cz)) dx

Optimal. Leaf size=149

_b(9c’d +5e) av1 = c2a? b(9c’d +5e) 2° V1 — c2a? bex’ V1 — cPa?
96¢° 144¢3 36¢

1 1
+de4 (a+bArcCos(cm))+gex6(a-

[Out] 1/4*d*x"4x*(a+b*arccos(c*x))+1/6*e*xx" 6% (a+b*arccos(c*x))+1/96%b* (9*c~2xd+5%e
Y*xarcsin(c*x)/c”6-1/96%b* (9*xc~2xd+5%e) xx* (-c~2*%x~2+1) ~(1/2) /c~5-1/144%bx* (9%
c~2%d+5%e) *x~ 3% (—c"2*x"2+1) ~(1/2) /c"3-1/36*b*e*xx"5* (-c~2*xx~2+1)~(1/2) /c

Rubi [A]
time = 0.09, antiderivative size = 149, normalized size of antiderivative = 1.00, number of

number of rules _ ( 316
integrand size ’

steps used = 6, number of rules used = 6, integrand size = 19,
Rules used = {14, 4816, 12, 470, 327, 222}

bArcSin(cz) (9¢*d +5¢)  bex®V1—c2a?  brV1—c2a? (9cd+5e)  br*v1— 2a? (9c%d + Be)
968 36¢ 96¢° 144¢3

idﬂc4 (a + bArcCos(cz)) + %ems (a + bArcCos(cz)) +

Antiderivative was successfully verified.
[In] Int[x~3*(d + exx~2)*(a + b*ArcCos[c*x]),x]

[Out] -1/96%(b*(9%c~2xd + 5*e)*x*Sqrt[1 - c”2%x72])/c”5 - (bx(9%c™2*d + b*e)*x~ 3%
Sqrt[1 - c™2%x72])/(144*c~3) - (b*exx~5%Sqrt[1 - c™2xx72])/(36%c) + (d*x"4x

(a + bxArcCos[c*x]))/4 + (exx"6x(a + b*ArcCos[c*x]))/6 + (b*x(9*c™2+d + 5xe)
*ArcSin[c*x])/(96%c™6)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_ )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)]/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 327

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[c~(n
- D*(c*xx)"(m - n + D*((a + bxx™n)"(p + 1)/(bx(m + nxp + 1))), x] - Dist[
axcnx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*xx"n)"p, x],
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x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] & IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 470

Int[((e_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n
_)), x_Symbol] :> Simp[d*(exx)~(m + 1)*((a + b*x"n) (p + 1)/(b*ex(m + n*(p

+ 1) +1))), x] - Dist[(a*xd*(m + 1) - b*ckx(m + nx(p + 1) + 1))/(bx(m + nx(p
+ 1) + 1)), Int[(e*x)"m*x(a + b*x"n)"p, x], x] /; FreeQ[{a, b, c, d, e, m,

n, p}, x] && NeQ[b*c - a*d, 0] &% NeQ[m + nx(p + 1) + 1, 0]

Rule 4816

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((f_.)*(x_))"(m_.)*((d ) + (e_.)*(x_
)~"2)~(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Dist
[a + bxArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c~2x
x~2], x], x], x]1]1 /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2%d + e, 0] &
& IntegerQ[p] && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]1))

Rubi steps
/z3 (d+ex?) (a+bcos™(cz)) dz = L gz (a+bcos™(cz)) + Lot (a+bcos™(cz)) + (be) / (3d+2
4 6 12V1-¢
_ 1,4 -1 I . 1 z4(3d A
= 4dx (a+bcos ' (cz)) + i (a+bcos ' (cz)) + 12(bc) i
bex®v/1 — c2x? 1 1 \
=X T 4 dat (a+bcos ' (cz)) + —ex®(a+ beos™ (cx)
36¢ 4 6 ’
2 3./1 — 242 5/1 — 272
:_b(90 d+5e)z°vV1—c’z?  ber’vV1-—cz —i—ldz‘l(a—l-bcos_l
144¢3 36¢ 4
_ b(9c?d+5e)zv1—c*a?  b(9c’d +5e) 2* V1 — P2 bex®/
B 96¢> 144¢3 3
_b(9c%d +5e) zV1 —c2a? b(9c*d +5e) 2*V1 - c2x? bex5+/1
B 965 144¢3 3

Mathematica [A]
time = 0.10, size = 153, normalized size = 1.03

1 1 3z o° 5z 523 z° 1 1 3bdArcSin(cz) | 5SbeArcSin(cz)
Lodet + Laea® vbavi— @ (=22~ 2 ) fpevi—ca? (22 2% 2 4 Lygtarce e Arco
e + geer’ + cx ( 90 16c) + be cr ( %6~ 1448 360) + gbda" Are os(cz) + ghea Are os(cx) + 3008 + 965

Antiderivative was successfully verified.
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[In] Integrate[x~3*(d + exx~2)*(a + b*ArcCos[c*x]),x]

[Out] (a*d*x~4)/4 + (a*xe*xx"6)/6 + b*d*Sqrt[1 - c™2xx~2]*((-3*x)/(32%c~3) - x~3/(1
6*%c)) + b*exSqrt[l - c™2*x"2]*((-5%x)/(96%c~5) - (5%x~3)/(144xc~3) - x°5/(3
6%c)) + (bxdxx~4xArcCos[c*x])/4 + (bkxexx~6xArcCos[c*x])/6 + (3*b*d*ArcSinl[c
*x])/(32%c”4) + (5xbxexArcSin[c*x])/(96%c™6)

Maple [A]
time = 0.19, size = 177, normalized size = 1.19

method result

arccos(cz)d Bt + arccos(cz)e B0
6

dc2 (_ c3z3 V —021172 + 1 _3cz V _Csz + 1 +3arcsi]
4 8 8

4

b

a(%{dcsz‘lﬁ-ée 06x6) n
derivativedivides < —

dc2 (_ c3z3 —021172 + 1 _3cz V _Csz + 1 +3arcsix
4 8 8

4

arccos(cz)d Bt arccos(cz)e 526
1 + 6

b

a(%{dcsz‘lﬁ-éec(jx(s) I

default <2 =

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(e*x~2+d)*(a+b*arccos(c*x)),x,method=_RETURNVERBOSE)

[Out] 1/c”4x(a/c™2x(1/4*d*c™6*xx"4+1/6*exc”6*xx"6)+b/c~2x(1/4*arccos (c*x) *d*c~6*xx"4
+1/6*arccos (c*x) *exc~6*x~6+1/4xd*xc” 2% (-1/4*c”™3*x"3* (-c"2*xx"2+1) ~(1/2)-3/8%*c

*x* (—c™2*%x72+1) " (1/2)+3/8*arcsin(c*x) ) +1/6*e* (-1/6*c~5*x" 5% (-c~2*xx~2+1) "~ (1/
2)-5/24%c”3%x" 3% (—c"2*%x"2+1) " (1/2) -5/16*c*kx* (-c~2*%x~2+1) ~(1/2)+5/16*arcsin(
c*x))))

Maxima [A]
time = 0.48, size = 167, normalized size = 1.12

1az‘“’e+ ladf . 1 (g 4% arccos (ez)— 2vV-c2?+132° 4 3V—clz?+1a 3 arcsin(cz) R 1 1825 arccos (cz) — 8vV—ct?+11° 4 10V—c%?+12° i 15V —c?%?+ 12 15 arcsin (cz) A
6 4 32 c? ct c® 288 I ct 8 c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(exx~2+d)*(atb*arccos(c*x)),x, algorithm="maxima")

[Out] 1/6*%axx"6%e + 1/4xaxd*x”4 + 1/32%(8*x"4*arccos(c*x) - (2xsqrt(-c™2*x"2 + 1)
*x~3/c”2 + 3xsqrt(-c"2*x"2 + 1)*x/c”4 - 3*arcsin(c*x)/c”5)*c)*bxd + 1/288*(
48+x~6*arccos(c*xx) - (8*sqrt(-c”2*x"2 + 1)*x75/c”2 + 10*sqrt(-c”2*x"2 + 1)*
x73/c”4 + 1b6*sqrt(-c”2*x"2 + 1)*x/c”6 - 15*arcsin(c*x)/c”7)*c)*bxe

Fricas [A]
time = 2.73, size = 127, normalized size = 0.85

48 acbzle + 72 actdz? + 3 (24 bcSdz? — 9bc®d + (16 bz — 5b)e) arccos (cz) — (18 bePda® + 27 be*dz + (8bc®z® + 10bc3z® + 15 bex)e) vV —c2z2 + 1
288 6
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(exx~2+d)*(atb*arccos(c*x)),x, algorithm="fricas")

[Out] 1/288% (48%a*c”6*xx~6%e + T2*axc 6*d*x~4 + 3% (24*bkxc~6*d*x~4 - 9xbxc™2xd + (1
6%b*c~6*x"6 — B5xb)*e)*arccos(c*x) - (18*bxc~5xd*x~3 + 27*b*c”3*d*x + (8*bx*c
“B*%x~5 + 10%bxc~3%x"3 + 15xbkckx)*e)*sqrt(-c”2*xx"2 + 1))/c”6

Sympy [A]
time = 0.49, size = 211, normalized size = 1.42

6 144c 32¢"

ade! | aes® | bdr*acos(cr) | beaacos(er) _ bdsd /=222 + 1 bead/—C2a? + 1 _ sbdsy/—c222+ 1 _ sbea®/—C2x% + 1 _ Sbdacos(cx) _ 5bexr/—C2x% + 1 _ Sheacos (ca) forc #0
4 6 4 16¢ 36¢ 32¢3 3 4 965 966

(a+ ) (dzT“ + %) otherwise
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3x(exx**2+d)* (a+b*acos(c*x)),x)

[Out] Piecewise((a*d*x**4/4 + a*e*x**6/6 + bkd*x**4*xacos(c*x)/4 + bkexx*x6*acos(c
*X) /6 — bxd*x**3*sqrt (-cx*2xx*x*2 + 1)/(16%c) - b¥e*x**5*xsqrt (-c*x*2xx*x*2 + 1
)/ (36%c) — 3xbxd*x*sqrt(-cx*2xxx*2 + 1)/(32%c**3) - bxbke*x**3*sqrt (—c**2xx
**%2 + 1)/(144*c**3) - 3*bxdxacos(c*x)/(32%c*x4) - Lxbke*xxksqrt (-ck*2*x*x2 +
1)/ (96*c*x5) - Bxbkexacos(c*x)/(96xc*xx6), Ne(c, 0)), ((a + pi*b/2)*(dxx**4
/4 + exx**6/6), True))

Giac [A]
time = 0.42, size = 165, normalized size = 1.11

1, 4 1 ¢ 1 ., V=ca?+1bes® 1 ., V=ca?+1bds® 5vV—c%2?+1bex® 3v—c?a?+1bdx 3bdarccos(cz) 5v—c?2?+1bex b5bearccos(cr)
— bez® arccos (cz) + ~ aez® + — bdz" arccos (cx) - ————— + — adz” — - -~ - - - - = -
6 6 4 36¢ 4 16¢ 144¢ 32¢ 32c4 96 c® 96 c5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(e*x~2+d)*(at+b*arccos(c*x)),x, algorithm="giac")

[Out] 1/6*bkxexx~6*arccos(c*x) + 1/6%axexx”6 + 1/4*bkxd*x~4*arccos(c*x) - 1/36*sqrt
(-c™2*x"2 + 1)*b*e*x"5/c + 1/4*axd*x"4 - 1/16*sqrt(-c”2*x"2 + 1)*bxd*x~3/c

- 5/144%sqrt(-c”2%x"2 + 1)*b*exx~3/c”3 - 3/32*sqrt(-c”2*x"2 + 1)*bx*d*x/c”3

- 3/32*bxdxarccos(c*x)/c"4 - 5/96*%sqrt(-c~2*x"2 + 1)*bxe*x/c”5 - 5/96xbxe*a
rccos(c*x)/c”6

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/x3 (a+ bacos(cz)) (ex®+d) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(a + b*acos(c*x))*(d + e*xx~2),x)

[Out] int(x~3*(a + b*acos(c*x))*(d + exx~2), x)
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3.17 [ z*(d + ez?) (a + bArcCos(cz)) dx

Optimal. Leaf size=120

b(5c2d + 3¢) V1 — a2 b(5c%d + 6¢) (1 — 2x2)** be(1 — 22?)** 1, 1 .
- o + T - T +§dx (a+bArcCos(c:c))+gex (a+b.

[Out] 1/45%b*(5xc~2*d+6%e)*(-c”~2*%x"2+1)~(3/2)/c~5-1/25%b*e*x(-c~2*xx"2+1)~(5/2)/c”5
+1/3%d*x" 3% (atb*arccos (c*xx) ) +1/5%exx~5* (a+b*arccos (c*x))-1/15%b* (5kc~2xd+3*
e)*(-c™2xx"2+1)~(1/2)/c"5

Rubi [A]
time = 0.09, antiderivative size = 120, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.263,

steps used = 5, number of rules used = 5, integrand size = 19,
Rules used = {14, 4816, 12, 457, 78}

b(1— c2x2)3/2 (5c°d +6e)  bV1—cPa? (5c¢°d+3e)  be(l— 021'2)5/2

45c5 15c5 25¢5

%d:cg’(a + bArcCos(cr)) + éef(a + bArcCos(cz)) +

Antiderivative was successfully verified.
[In] Int[x"2*(d + exx"2)*(a + b*ArcCos[c*x]),x]

[Out] -1/15%(b*(5%c™2*d + 3*e)*Sqrt[l - c™2*x"2])/c”5 + (bx(5*c™2*d + 6%e)*(1 - c
~2xx72)~(3/2))/(45%c”5) - (b*ex(1 - c~2*x"2)~(5/2))/(25%c~5) + (d*x~3x(a +
bxArcCos [c*x]))/3 + (e*x~5*(a + b*ArcCos[c*x]))/5

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_ )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 78

Int[((a_.) + (b_.)*(x_))*((c_) + (d_)*(x_))"(n_.)*((e_.) + (f_.)*(x_))"(p_
.), x_Symbol] :> Int[ExpandIntegrand[(a + b*x)*(c + d*x) n*x(e + f*x)“p, x],
x] /; FreeQ[{a, b, c, d, e, f, n}, x] && NeQ[b*c - axd, 0] && ((ILtQ[n, 0]
&% ILtQLp, 01) || EqQlp, 11 || (IGtQlp, 0] && ( !'IntegerQ[n] || LeQ[9*p +
5x(n + 2), 0] || GeQ[n + p + 1, 0] || (GeQ[n + p + 2, 0] &% RationalQ[a, b,
c, d, e, f1))))

Rule 457



107

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p
x(c + d*x)"q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 4816

Int[((a_.) + ArcCos[(c_.)*(x_)1*(b_.))*((f_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)"2)~(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Dist
[a + b*ArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c~2x%
x~2], x1, x], x1] /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2*d + e, 0] &
& IntegerQlp] && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]1))

Rubi steps
1 1 (5d + 3
22(d + ex?) (a + beos ™ (cx)) dz = =dz®(a + beos™(cx)) + =ex®(a + beos™ + (be /
/ ( ) ( (cz)) 5d2°( (cx)) + gez’( ) | v
_1 3 1 1 5 1 1 z°(5d 4
= 3da: (a+bcos'(cz)) + 60 (a+bcos'(cz)) + 15(bc) =

1 1 1 |
= §alg):3 (a+bcos ' (cz)) + gexE’ (a+bcos™(cz)) + — 20 (bc)Subst (/ |

1 1 1
= §d:v3 (a+bcos ' (cz)) + 56:175 (a+bcos ' (cz)) + %(bc)Subst (/

_ b(5c*d + 3e) V1 — c2x? N b(5¢2d + 6¢) (1 — c2z2)*/* _be(1 -
15¢3 45¢5 25¢8

Mathematica [A]
time = 0.08, size = 125, normalized size = 1.04

7adx + laex +bd _2 2 V1—c22? +bev1— c2a? _8 4 + bda:3ArcCos(cm) + bestrcCos(cx)
5 9  9c 755 753 25c

Antiderivative was successfully verified.

[In] Integrate[x™2*(d + e*x~2)*(a + b*ArcCos[c*x]),x]

[Out] (a*xd*x~3)/3 + (a*exx”5)/5 + b*d*(-2/(9%c”3) - x~2/(9%c))*Sqrt[1l - c~2*x"2]
+ bxexSqrt[1 - c~2*x"2]*(-8/(75%c™5) - (4*x~2)/(75%c~3) - x~4/(25%c)) + (b*
d*x~3*ArcCos[c*x])/3 + (b*exx"5*ArcCos[c*x])/5

Maple [A]

time = 0.11, size = 161, normalized size = 1.34
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method result
a2 (_0%2\/—%%2 +1 _z\/—c23:}c2 +1 ) e(_a
b arccos<c§)dc5z3 +arccos(cg)sc5z5 n 5 4
a(§acPadsfecsad)
derivativedivides = = =
222 (_0%2\/—%%2 +1 _z\/—c23:}c2 +1 ) e(_a
b arccos(cg‘)dc5z3 +arccos(cg)sc5z5 n 5 i
a(§acPadsfecsad)
default = 3 <

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(exx~2+d)*(at+b*arccos(c*x)),x,method=_RETURNVERBOSE)

[Out] 1/c”™3%(a/c™2*(1/3*d*c”5%x"3+1/5*%e*xc”5xx~5)+b/c~2*(1/3*arccos (c*x) *xd*xc~5*xx~3
+1/5*%arccos (c*x) *e*c”5*%x"5+1/3*%d*xc™ 2% (-1/3*%c™2*x" 2% (-c™2*x~2+1) ~(1/2)-2/3*(
-c72%x"2+1) 7 (1/2) ) +1/5%e* (-1/5%c™4d*x"4* (-c~2*xx"2+1) ~(1/2)-4/15%c™2*x" 2% (-c~
2xx~2+1) 7 (1/2)-8/15%(-c~2*x~2+1)~(1/2))))

Maxima [A]
time = 0.47, size = 146, normalized size = 1.22

1 1 1 —2x2+ 122 2vV—-c2z2+1 1 —c2x2+1 gt 4/ —c2x2 +1 22 —c2x2+1
gaz5e+§ad13+§<3zsarccos(cz)—c<\/ CIC2+ 4 v cgf + ))bd+%<15zsarccos(cz)—(3\/ C:2+ L4 v C;+ e +8\/ CCGI + )c)be

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(e*xx~2+d)*(atb*arccos(c*x)),x, algorithm="maxima")

[Out] 1/5%axx"bxe + 1/3%axd*x"3 + 1/9*(3*x"3*arccos(c*x) - c*(sqrt(-c™2*xx"2 + 1)*
X"2/c”2 + 2xsqrt(-c”2*x"2 + 1)/c”4))*bxd + 1/75%(15*%x"5*arccos(c*x) - (3*sq
rt(-c”2*%x"2 + 1)*x"4/c”2 + 4xsqrt(-c"2*x"2 + 1)*x72/c"4 + 8*sqrt(-c”2*x"2 +

1) /c™6) *c) *b*e
Fricas [A]
time = 2.88, size = 113, normalized size = 0.94

45aczPe + 75 ac®dz® + 15 (3bcPzPe + 5 bcPdx®) arccos (cx) — (25 betdzr? + 50 be?d + 3 (3bctz* + 4bc%a? + 8b)e) vV —c2x? + 1
2255

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(e*x~2+d)*(atb*arccos(c*x)),x, algorithm="fricas")

[Out] 1/225%(45*%a*xc”5xx"5%e + 75%axc 5*xd*x~3 + 15%(3*bxc~5%x"5xe + 5xb*c~5xd*x~3)
*arccos (c*xx) - (25xb*c”4xd*x~2 + 50%bxc™2%d + 3*%(3xb*xc”4*xx~4 + 4xb*c”~2%xx"2

+ 8xb)*e)*sqrt(-c"2*x"2 + 1))/c”5



109

Sympy [A]
time = 0.34, size = 177, normalized size = 1.48

adz® + aex’ + bda® acos (cz) + bexd acos (cx) _ bdz?y/ — 22 +1 _ bez4\/—CzZ2 +1 _ 2bd\/—02£l72 +1 _ A4bex? \/—021‘2 +1 _ Bbe\/—czz2 +1 for ¢ # 0
3 5 3 5 c 25¢ 9c3 75¢3 75¢c
otherwise

(@+3) (% +%)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(e*x**2+d)*(a+b*acos(c*x)),x)

[Out] Piecewise((axd*x**3/3 + axexx**5/5 + b*d*x**3*acos(c*x)/3 + bxexx*x5xacos(c
*x) /5 — b¥d*x**2xsqrt (-cx*2*x**2 + 1)/(9%c) - bxexx**4*xsqrt (-ck*2xx**2 + 1)
/(25%c) - 2%bxdxsqrt (-cx*2*x**2 + 1)/(9%c**3) — 4xbke*x**2*sqrt (—C*x*2xx**2

+ 1)/(75%c*%*3) - 8xbxe*sqrt(-cx*2xxx*2 + 1)/(75xc**5), Ne(c, 0)), ((a + pix
b/2) * (d*x**3/3 + exx*x5/5), True))

Giac [A]

time = 0.41, size = 141, normalized size = 1.18

lbez5 arccos (cz) + 1 aez® + }bdzs' arccos (cz) — V—cta? +1bex' 1 ada® — vV —c2z? + 1 bda? 4 V=22 + 1 bez? 2 V—c2z? +1'bd 8 V=22 +1 be
5 5 3 25¢ 3 9c 753 9¢3 75¢5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(e*xx~2+d)*(atb*arccos(c*x)),x, algorithm="giac")

[Out] 1/5*bxexx”~5*arccos(c*x) + 1/5*a*xe*x”5 + 1/3*b*d*x"3*arccos(cxx) - 1/25*sqrt
(-c™2%x72 + 1)x*b*e*x”4/c + 1/3*%axd*x"3 - 1/9*sqrt(-c~2*x"2 + 1)*b*d*x~2/c -
4/75*%sqrt (-c~2*%x"2 + 1)*bxe*x~2/c”3 - 2/9*sqrt(-c~2*x~2 + 1)*bxd/c”3 - 8/7
Bxsqrt (-c"2*x"2 + 1)xb*e/c”5

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/x2 (a+ bacos(cz)) (ex®+d) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2x(a + b*acos(c*x))*(d + e*xx~2),x)

[Out] int(x"2*(a + b*acos(c*x))*(d + e*x"2), x)
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3.18 [ z(d + ex?) (a + bArcCos(cz)) dx

Optimal. Leaf size=122

_3b(2?d+e)zV1—cia?  baV1—cia? (d+ex?) N (d + ex?)” (a 4 bArcCos(cz)) +b(804d2 + 8c%de + 3€?
32¢3 16¢ 4e 32cte

[Out] 1/4*(exx~2+d) "2*x(atb*arccos(c*xx))/e+1/32%bx (8*%c~4*xd~2+8*c~2*xd*e+3*e”2) *arcs
in(c*x)/c”4/e-3/32%b* (2xc~2xd+e) *x* (—c™2%x"2+1) ~(1/2) /c~3-1/16*b*x* (e*x~2+d
Yx(-c™2%xx~2+1)~(1/2) /c

Rubi [A]

time = 0.06, antiderivative size = 122, normalized size of antiderivative = 1.00, number of

number of rules _ (935
integrand size ’

steps used = 4, number of rules used = 4, integrand size = 17,
Rules used = {4814, 427, 396, 222}

(d + ex?)’ (a + bArcCos(cz)) " bArcSin(cz) (8c'd® + 8c*de + 3¢*)  bav1 —c?a? (d+ex?) 3bav1—c*a? (2¢°d +e)
de 32cte 16¢ 32¢3

Antiderivative was successfully verified.
[In] Int[x*(d + e*x~2)*(a + bxArcCos[c*x]),x]

[Out] (-3*%bx(2*c~2xd + e)*x*Sqrt[1 - c™2%x72])/(32%c”3) - (b*x*Sqrt[l - c™2*x~2]=*
(d + exx™2))/(16%c) + ((d + exx"2)"2%(a + bxArcCos[c*x]))/(4xe) + (b*(8%xc~4
*d"2 + 8%c"2xd*e + 3*xe~2)*xArcSin[c*x])/(32%c"4x*e)

Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
(al)1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[b]

Rule 396

Int[((a)) + (b_.)*(x_)"(m_ )~ (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [d*xx*((a + b*x"n)~(p + 1)/(b*(nx(p + 1) + 1))), x] - Dist[(a*xd - bxcx(n*(
p+ 1)+ 1))/(bx(ax(p + 1) + 1)), Int[(a + b*x"n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] && NeQ[b*c - a*d, 0] && NeQ[nx(p + 1) + 1, 0]

Rule 427

Int[((a_) + (b_D)*(x_)"(n)) " (p)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[d*x*x(a + bxx™n) " (p + 1)*((c + d*x™n)"(q - 1)/(bx(nx(p + q) + 1))),
x] + Dist[1/(b*(n*(p + @) + 1)), Int[(a + b*x"n) px(c + d*x"n)~(q - 2)*Simp
[cx(b*cx(n*x(p + @) + 1) - a*d) + d*(b*xc*x(n*x(p + 2%q - 1) + 1) - axdx(n*x(q -
1) + 1))*x"n, x]1, x], x] /; FreeQ[{a, b, c, d, n, p}, x] && NeQ[b*c - ax*d,
0] && GtQlq, 1] && NeQ[n*(p + q) + 1, 0] && 'IGtQ[p, 1] && IntBinomialQ[a
, b, c,d, n, p, q, x]
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Rule 4814

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*(x_)*((d_) + (e_.)*(x_)"2)"(p_.), x_
Symbol] :> Simp[(d + exx"2)~(p + 1)*((a + b*ArcCos[c*x])/(2xex(p + 1))), x]
+ Dist[bx(c/(2*%ex(p + 1))), Int[(d + exx"2)"(p + 1)/Sqrt[1l - c™2*x~2], x],
x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[c™2*d + e, 0] && NeQ[p, -1]

Rubi steps
(d+eac2)2
2)2 -1 (be) | —=da
/m(d + ez®) (a+beos™ (cz)) dz = (d+ec’) (a; boos” (cz)) + 14; o’
9 bf —d(4c21
__bav1l—c*a? (d+ex?) N (d+ex?)” (a+bcos (cz)) \
B 16c 4e
_3b2?d+e)zV1—cia?  bzvV1-—c*a? (d+ex?) N (d+ ex?)? (
B 326 16¢
3b(2d +e)zV1—c2z?2  brV1-—c2z? (d+ ex?) N (d+ ex?)’ (
T 32¢3 - 16¢

Mathematica [A]
time = 0.07, size = 131, normalized size = 1.07

1 5,1 4 bdzv1—c2a? 3z z* 1., |
= = _mveTer Vi—eg? (-2 2 Zbdz2A ZbeztA
2adz + —aex . + be cx 393 16e + 2bdz rcCos(cz) + —bex*ArcCos(cz) +

bdArcSin(cz) = 3beArcSin(cz)
4c? 32c¢t

Antiderivative was successfully verified.

[In] Integrate[x*(d + e*x~2)*(a + bxArcCos[c*x]),x]

[Out] (axd*x~2)/2 + (a*e*x”4)/4 - (b*d*x*Sqrt[1l - c~2*x"2])/(4*c) + bxe*Sqrt[1 -
c~2xx~2] % ((-3%x) /(32%c~3) - x~3/(16%c)) + (bxd*x~2xArcCos[c*x])/2 + (bxexx™
4xArcCos[c*x])/4 + (b*d*ArcSin[c*x])/(4*xc™2) + (3%b*exArcSin[c*x])/(32%xc~4)

Maple [A]
time = 0.16, size = 172, normalized size = 1.41

method result

A/ —c22
ctd? arcsin(cz)+2d c2e (— ez c 21: + 1 4+ &
4.4

4,2 4 2
b arccos(4ce$)c d +arccos(cg)c dz +earccosglcw)c z=

(025 12+c2d>2a

derivativedivides e =2
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N/ =212
ctd? arcsin(cz)+2d c2e (— ez & Qx + 1 4 ares

4.4

arccos(cz)c4 d? arccos(cz)c4d z2 e arccos(cz)c*z
e + +

b

((:25 m2+czd) 20. I
default ac2e =

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(e*x”2+d)*(a+b*arccos(c*x)),x,method=_RETURNVERBOSE)

[Out] 1/c”2%(1/4*(c”2*%e*x"2+c~2*xd) "2*a/c~2/e+b/c"2*x(1/4/e*arccos (c*xx) *c~4*xd~2+1/2
*arccos (c*x)*c 4*xd*x~2+1/4*e*arccos (cxx) *c~4*x~4+1/4/e* (c"4*d~2*arcsin(c*x)
+2xdxc”2xex (—1/2*ckxx* (¢ 2*%x"2+1) " (1/2)+1/2*arcsin(c*x) ) +e~ 2% (-1/4*c”3*x" 3%
(-c™2%x72+1) " (1/2)-3/8*cxx*x (-c~2*x~2+1) " (1/2)+3/8*arcsin(c*x)))))

Maxima [A]
time = 0.49, size = 126, normalized size = 1.03

V—c?z?+1z arcsin(cz) 1 4 2vV—c222+ 123 3vV—-c22+1z 3 arcsin(cz)
- = bd + 3 8x" arccos (cz) — 5 + - c|be

1 4 1 2 1 2
ze+ §adz +3 (235 arccos (cz) — ¢

c? c ct led

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x~2+d)*(a+b*arccos(c*x)),x, algorithm="maxima")

[Out] 1/4*a*xx"4*e + 1/2*%a*xd*x"2 + 1/4%(2xx"2xarccos(c*x) - c*(sqrt(-c™2*x"2 + 1)x*
x/c”2 - arcsin(c*x)/c”3))*b*d + 1/32%(8*x"4*arccos(cxx) - (2xsqrt(-c™2*x~2
+ 1)*x73/c”2 + 3*sqrt(-c”2*x"2 + 1)*x/c”4 - 3*arcsin(c*x)/c”5)*c)*bxe

Fricas [A]
time = 2.47, size = 107, normalized size = 0.88

8actz*e + 16 actdz? + (16 be*dz? — 8 bc’d + (8 betz* — 3b)e) arccos (cx) — (8 bcddz + (2bc3z® + 3bex)e) vV —c2x? + 1
324

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x~2+d)*(at+b*arccos(c*x)),x, algorithm="fricas")

[Out] 1/32*%(8*a*c”4*xx"4*e + 16*axc”4*d*x"2 + (16*b*c”4*xd*x"2 - 8xbxc~2*d + (8*b*c
“4xx~4 - 3xb)*e)*arccos(ckxx) - (8*bkc~3xd*x + (2%b*c~3*x"3 + 3*bkcxx)*e)*sq
rt(-c”2xx"2 + 1))/c"4

Sympy [A]
time = 0.24, size = 158, normalized size = 1.30

adz? aex? bdz? acos (cz) bez? acos (cz) _ bdz\/—czxz +1 _ bex3 \/—621'2 +1 _ bdacos(cz) _ 3bezV —c2z? +1 __ 3beacos (cz)
{ 2 T ¢t 2 + 1 m 16¢ 12 3265 32c1 forc#0

(a+ ) (% + %) otherwise

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*(e*x**2+d)*(a+b*acos(c*x)),x)

[Out] Piecewise((a*d*x**2/2 + akexx**4/4 + bxdxx**2*acos(c*x)/2 + bxexxxxdxacos(c
*x) /4 - bxd*x*ksqrt (—c**2xx**2 + 1)/(4*c) - bxexx**3xsqrt(-cx*2*xx**2 + 1)/(1

6%c) - bxdxacos(ckx)/(4xcx*2) - 3xbxexx*sqrt(-ck*x2xx*x2 + 1)/(32%c**3) - 3%
b*exacos(c*x)/(32*%cx*4), Ne(c, 0)), ((a + pi*b/2)*(d*x**2/2 + e*x**4/4), Tr

ue))

Giac [A]

time = 0.44, size = 121, normalized size = 0.99

1,0, 1, 1., _V—cta?+1bex® 1 ., V—c2a?+1bdz  bdarccos(cx) 3V —c?2?+1bex 3bearccos (cz)
4bea: arccos (cz) + 1967 + 3 bdx* arccos (cx) B TP + 3 adx 1c 1 Y P

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x~2+d)*(atb*arccos(c*x)),x, algorithm="giac")

[Out] 1/4*bxexx”4*arccos(c*x) + 1/4*a*xe*x”4 + 1/2%b*d*x~2*arccos(c*x) - 1/16%sqrt
(-c™2*x72 + 1)*b*e*x”~3/c + 1/2%a*xd*x"2 - 1/4*sqrt(-c”2*x"2 + 1)*b*d*x/c - 1
/4*xbxd*arccos(c*x)/c”2 - 3/32*sqrt(-c”2*x"2 + 1)*bxe*x/c”3 - 3/32%b*e*arcco

s(c*x)/c"4

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/x(a+bacos(cx)) (ex®+d) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(a + b*acos(c*x))*(d + e*xx~2),x)

[Out] int(x*(a + b*acos(c*x))*(d + exx"2), x)
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3.19 [ (d+ ez?) (a + bArcCos(cz)) dx

Optimal. Leaf size=81

9 ) _ £2,.2)3/2
_b(3¢ d+e§c\3/1 cx +b€(1 9239”) +dx(a+bArcCOS(cm))+%6m3(a+bArCCOS(C~’U))

[Out] 1/9%b*ex(-c~2*x~2+1)~(3/2)/c”3+d*x* (a+b*arccos (c*x))+1/3*exx"3* (a+tb*arccos(
c*x))-1/3%b* (3*c”~2xd+e) * (—c~2*x~2+1)~(1/2)/c"3

Rubi [A]
time = 0.05, antiderivative size = 81, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.188,

steps used = 4, number of rules used = 3, integrand size = 16,
Rules used = {4756, 455, 45}

—33 9 _2..2\3/2
dz(a + bArcCos(cz)) +%ex3(a + bArcCos(cz)) — bW1-—c 263(3(; d+e) N be(1 gzgx)

Antiderivative was successfully verified.
[In] Int[(d + exx"2)*(a + b*ArcCos[c*x]),x]

[Out] -1/3%(b*x(3*c~2*d + e)*Sqrt[l - c™2*xx72])/c”"3 + (bxex(1 - c~2*x~2)~(3/2))/(9
*c~3) + dxx*x(a + bxArcCos[c*x]) + (exx~3*(a + b*ArcCos[c*x]))/3

Rule 45

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] &% NeQ[b*c - a*d, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 455

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"(m_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[(a + b*x) p*(c + d*x)~q, x], x, x"n], x
1 /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] & NeQ[b*c - a*d, 0] && EqQ[m - n +
1, 0]

Rule 4756

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symbo
1] :> With[{u = IntHide[(d + e*x~2)"p, x]}, Dist[a + bxArcCos[c*x], u, x] +
Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[l - c~2*x"2], x], x], x]] /; FreeQ[
{a, b, c, d, e}, x] && NeQ[c~2*d + e, 0] && (IGtQ[p, O] || ILtQ[p + 1/2, O]
)
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Rubi steps

z<d+ %)
V1-— 2%

(bc)Subst ( \/%

(bc)Subst ( / <30_23\‘

D
2
[

dz

—~

/ (d+ex?) (a+bcos ' (cz)) dz = dz(a+ beos™ (cz)) + %emﬁ (a+bcos™(cz)) + (be)

= dz(a+bcos™'(cz)) + %emg’ (a+bcos ' (cz)) +

N~ N

= dz(a+bcos™'(cz)) + %ewg’ (a+bcos ' (cz)) +

b(3c%d +e) VI— 2a? | be(l — *2?)*?
=— (8¢ 6?203 4 d gz3x) + dz(a+bcos ' (cz)) +

Mathematica [A]
time = 0.05, size = 91, normalized size = 1.12

3 bdv1-—c*z? +b( 2
c

adx+§ae:c — e 98 9

1
) V1 —c2x? + bdzArcCos(cz) + gbex‘q'ArcCos(cx)

Antiderivative was successfully verified.

[In] Integrate[(d + e*x~2)*(a + b*ArcCos[c*x]),x]

[Out] axd*x + (a*exx"3)/3 - (b*d*Sqrt[l - c”2*x"2])/c + bxe*x(-2/(9%c~3) - x~2/(9*
c))*Sqrt[1 - c~2%x~2] + bxd*x*ArcCos[c*x] + (bxexx~3*ArcCos[c*x])/3

Maple [A]
time = 0.01, size = 112, normalized size = 1.38

method result
e(_ 2.2y —c2x2 +1 2/—Cx
3 3
3.3
b arccos(cm)dc3x+w3m—dc2 V —C2CL'2 + ]. + 3
a(d03m+%ecsm3)
derivativedivides 2 - 2
e(_ 2.2/ —c2x2 +1 2/—Cx
3 3
3.3
b arccos(cm)dc3x+m3m—dc2 V —C2CL'2 + ]. + 3
a(d03m+%e 03.7;3) n
default 2 _ -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx~2+d)*(at+b*arccos(c*x)),x,method=_RETURNVERBOSE)
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[Out] 1/cx(a/c”2x(d*c”3*x+1/3%e*xc”3%x"3)+b/c” 2% (arccos (c*x) *d*xc~3*x+1/3*arccos (c*
X) *kexc~3xx"3-d*c" 2% (—¢c72%x"2+1) " (1/2) +1/3%ex (-1/3*%c™2*x" 2% (-c"2*x"2+1) ~(1/2
)-2/3%(-c™2%x~2+1)~(1/2))))

Maxima [A]

time = 0.48, size = 96, normalized size = 1.19

Ve +1z: 2vV-—z2+1 )) (cmarccos (cx) — vV—c222+1 )bd
+ be +

1 1
3 az’e + adz + 9 (3 2% arccos (cx) — c< 2 o p

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(a+b*arccos(c*x)),x, algorithm="maxima")

[Out] 1/3*%a*xx"3%e + axdxx + 1/9*(3*x"3*arccos(c*x) - c*(sqrt(-c™2*x"2 + 1)*x72/c”
2 + 2xsqrt(-c”2xx"2 + 1)/c”4))*bxe + (c*x*arccos(c*x) - sqrt(-c™2*x"2 + 1))
*b*d/c

Fricas [A]

time = 2.56, size = 87, normalized size = 1.07

3acdz®e + 9acdzr + 3 (bcz3e + 3bcddx) arccos (cx) — (9bc?d + (bczx? + 2b)e) vV —c2x? + 1
9¢c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(at+b*arccos(c*x)),x, algorithm="fricas")

[Out] 1/9%(3*a*xc™3*x"3%e + 9xaxc”3xd*x + 3*(bk*c~3*x"3*%e + 3*xbxc~3*d*x)*arccos (c*x
) = (9xbxc™2+d + (bxc™2*x"2 + 2xb)*e)*sqrt(-c"2*x"2 + 1))/c”3

Sympy [A]
time = 0.15, size = 114, normalized size = 1.41

— 22 — 22 — 22
adx_'_%_'_bdxacos(cx)_i_bezsacsos(cz) _ bdy/ cz +1 _ bea?y/ 'z +1 _ 2beV Cz +1 for ¢ 0

(a+2) (dac + %) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**2+d)*(a+b*acos(c*x)),x)

[Out] Piecewise((axd*x + a*exx**3/3 + bxd*x*acos(c*x) + b¥exx**3*xacos(c*x)/3 - bx
dxsqrt (-cx*2*x**2 + 1)/c - bxexx*x2xsqrt (-cx*2xxx*2 + 1)/(9%c) - 2*bkexsqrt
(—cx*2xx**2 + 1)/(9%c**3), Ne(c, 0)), ((a + pixb/2)*(d*x + e*x**3/3), True)

)

Giac [A]

time = 0.42, size = 91, normalized size = 1.12

1, 4 1, vV —c2x? 4+ 1 bex? vV—c2x2+1bd 2vV-c222+1 be
3 bex” arccos (cx) + 3 aez + bdz arccos (cx) — 9e + adz — . - e
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(a+b*arccos(c*x)),x, algorithm="giac")

[Out] 1/3*bxexx~3*arccos(c*x) + 1/3*a*e*x”3 + b*d*x*arccos(cxx) - 1/9*sqrt(-c~2#*x
72 + 1)xb¥e*x”2/c + akxd*x - sqrt(-c”2*x"2 + 1)*b*d/c - 2/9*sqrt(-c”2*x"2 +

1) *xbxe/c”3

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

bd (\/ 1— 222 —czacos(cm))

1 2 (2,2
- — T S+
az (ex?+3d) c? (02 ) 23 acos(cx) .
2 —be 5 — 3 - - if 0<c
it "0<ec

[ (a+bacos(cz)) (ez® +d) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*acos(c*x))*(d + e*xx~2),x)

[Out] piecewise(0 < c, - bxex(((1/c”2 - x72)7(1/2)*(2/c”2 + x72))/9 - (x"3*acos(c
*x))/3) + (a*x*x(3*d + exx~2))/3 - (b*d*((- c™2*x"2 + 1)~(1/2) - c*x*acos(c*
x)))/c, ~0 < ¢, int((a + b*acos(c*x))*(d + exx~2), x))



118

d+ez?) (a+bArcCos(cx
3.20 f ( )( (cz)) dr
I
Optimal. Leaf size=132
_bezV1 —c*z? beArcSin(cz)

+%ex2 (a+bArcCos(cx))+ +%1ibdArcSin(cac)2 —bdArcSin(cz) log (1 — e?Aresin(

4c 4c2?

[Out] 1/2*exx~2*(atb*arccos(c*x))+1/4xb*exarcsin(c*x)/c~2+1/2*xI*b*d*arcsin(c*x) "2
-bxd*arcsin(c*x)*1n(1-(I*xc*x+(-c~2*x~2+1) ~(1/2))~2) +d* (a+b*arccos (c*x) ) *1n(
x)+b*d*arcsin(c*x)*1n(x)+1/2xIxb*d*polylog(2, (I*xc*x+(-c~2*xx"2+1)~(1/2))"2)-
1/4xb*exx* (-c~2*%x"2+1)~(1/2) /c

Rubi [A]

time = 0.18, antiderivative size = 132, normalized size of antiderivative = 1.00, number of

_ _ : e number of rules _
steps used = 12, number of rules used = 12, integrand size = 19, integrand size 0.632,

Rules used = {14, 4816, 12, 6874, 327, 222, 2363, 4721, 3798, 2221, 2317, 2438}

beArcSin(cz)
4c?

bezv1 — c’z?

1 1 ;
+ 5 ibdLiy (e¥ihreSin(ea))y 4 §ibdArcSin(cx)z — bdArcSin(cz) log (1 — e2ArSin(@)) 4 pdlog(z)ArcSin(cz) — "

dlog(z)(a + bArcCos(cz)) + %ezz(u + bArcCos(cz)) +

Antiderivative was successfully verified.
[In] Int[((d + e*x~2)*(a + bxArcCos[c*x]))/x,x]

[Out] -1/4%(bxe*x*Sqrt[1 - c™2*x"2])/c + (exx"2x(a + b¥ArcCos[c*x]))/2 + (b*exArc

Sin[c*x])/(4%c™2) + (I/2)*bxd*ArcSin[c*x]~2 - bxd*ArcSin[c*x]*Log[1l - E~((2

*I)*ArcSin[c*x])] + d*(a + b*ArcCos[c*x])*Log[x] + bxdxArcSin[c*x]*Log[x] +
(I/2)*b*d*PolyLog[2, E~((2*I)*ArcSin[c*x])]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, ( )*(v_) /; FreeQ[b, x]]

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c*x) m*u, x]
, x] /; FreeQl{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !MatchQ[u, (a_)
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] &% InverseFunctionQ[v]]

Rule 222

Int[1/Sqrt[(a_) + (b_.)*(x_)"2], x_Symbol] :> Simp[ArcSin[Rt[-b, 2]*(x/Sqrt
[a])1/Rt[-b, 2], x] /; FreeQ[{a, b}, x] && GtQ[a, 0] && NegQ[bl

Rule 327

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))~(p_), x_Symbol] :> Simp[c~(n
- D*(c*x)"(m - n + 1)*((a + b*x™n)~(p + 1)/(bx(m + n¥p + 1))), x] - Dist[
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axc™nx((m - n + 1)/(b*(m + nxp + 1))), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2221

Int [(CCF_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(bxfxg*n*Log[F]))*Logl[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(g*x(e + f*x)
))7°n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)"nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2363

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]*(b_.))/Sqrt[(d_) + (e_.)*(x_)"2], x_Symb
0l] :> Simp[ArcSin[Rt[-e, 2]*(x/Sqrt[d])]*((a + bxLoglc*x"n])/Rt[-e, 2]), x
] - Dist[bx(n/Rt[-e, 2]), Int[ArcSin[Rt([-e, 2]*(x/Sqrt[d])]1/x, x], x] /; Fr
eeQ[{a, b, c, d, e, n}, x] & GtQ[d, 0] && NegQlel

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (£f_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2+I, Int[(c + d*x)"m
*E~ (2%I*%k*Pi) ¥ (E~(2*xI*(e + f*x))/(1 + E~(2%I*k*Pi)*E~(2*xI*x(e + f*x)))), x],
x] /; FreeQl{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x)“n*Cot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 4816

Int[((a_.) + ArcCos[(c_.)*(x_)]*(b_.))*((£_)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)"2)~(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + exx~2)"p, x]}, Dist
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[a + bxArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c~2x
x~2], x], x], x]]1 /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2%d + e, 0] &
& IntegerQ[p] && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 01))

Rule 6874

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

(d+ez?) (a+ beos™(cx)) 1, 1 1 / ex? + 2dlog
dr = —ex“(a+bcos " (cx)) +d(a+bcos (cz)) log(z) + (bc) | ——F——=
/ ! el (ex) +d( (ex)) log(x) + (be) [ & =
1, 1 1 1 ex? + 2d s
= —ez’(a+bcos™'(cz)) + d(a + beos ' (cz)) log(z) + 5 (be) | —F—=
2 2 N

1, 1 . 1 ex?
= Sex (a+bcos™'(cz)) +d(a+ beos™(cz)) log(z) + §(bc) =
— C°
= Zea? - - _ log(a)_
= Sex (a+bcos*(cz)) +d(a+ beos™ (cz)) log(x) + (bed) N

1 — 212 1
- _bex\/zlcT + §ex2 (a+bcos™(cx)) + d(a+ beos™ (cx)) log(z) +

bexv'1 — c2z2 1

=— + Zex®(a+bcos ' (cz)) +

besin~!(cx)

+ d(a + bcos”

4C 2 402
b /1 22 1 be si -1 1
- i <y Eexz (a+bcos'(cx)) + %Z(Cx) + éibdsin_l(c
. c

bexv1—c2z2 1 besin~!(cx)

=— + iezQ (a+bcos ' (cz)) +

1
+ §z'bd sin™*(c

ic 4c?
b /1 22 1 be si -1 1
- i <y Eexz (a+bcos'(cz)) + %Z(Cx) + éidein_l(C
. c

bezv1l—c2a? 1 besin’_
b L L oo ) + 2
- C

1
+ §ibd sin™* (¢

Mathematica [A]
time = 0.14, size = 124, normalized size = 0.94

be (—%Bz\/l —c2z? + ArcTan(
)+

c2

o
—1+V1 — c2z? ))

1 a i -
3 aex? + bex?ArcCos(cz + 2adlog(z) — ibd(ArcCos(cz) (ArcCos(cz) + 2ilog (1 + e*47Ce=())) + PolyLog|(2, —e*AreCos(er)))

Antiderivative was successfully verified.
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[In] Integrate[((d + e*x"2)*(a + b*ArcCos[c*x]))/x,x]

[Out] (axe*x”2 + bxe*xx~2*ArcCos[c*x] + (bxex(-1/2%(c*x*Sqrt[l - c~2%x~2]) + ArcTa
nl(c*xx)/(-1 + Sqrt[1l - c™2*xx~2])]))/c”2 + 2xa*d*Logl[x] - Ixb*d*(ArcCos[c*x]
*(ArcCos [cxx] + (2*%I)*Logl[l + E~((2*I)*ArcCos[c*x])]) + PolyLogl[2, -E~((2*I

)*ArcCos[c*x])]1))/2

Maple [A]
time = 0.57, size = 130, normalized size = 0.98

method result
; A/ —272

derivativedivides % + daln (C.’E) _ zba,rcc<)2s(cx)2d __ bex (icx —+ 1 + barccos2(ca:)e z2 N barczc;sQ(cw)e + bd arc
. 22

default % +daln (C.Q?) _ zbarcco;(cz)2d __ bex/ 046117 +1 + barccos2(cz)ea:2 _ barcz(zsz(cm)e + bd arc

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx~2+d)*(at+b*arccos(c*x))/x,x,method=_RETURNVERBOSE)

[Out] 1/2*axexx~2+d*a*ln(c*x)-1/2*xI*b*arccos(c*x) ~2*d-1/4*bkxe*xx*(-c~2*xx~2+1)~(1/2
)/c+1/2xb*arccos (c*x) xexx~2-1/4*b/c~2*arccos (c*x) *xe+b*d*arccos (c*x) *1n(1+(c
*x+I*(-c™2%xx72+1) 7 (1/2)) ~2)-1/2*I*b*d*polylog(2,- (c*xx+I*(-c™2*xx~2+1)~(1/2))

~2)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(at+b*arccos(c*x))/x,x, algorithm="maxima")
[Out] 1/2*%a*xx"2%e + a*d*log(x) + integrate((b*x~2%e + bxd)*arctan2(sqrt(c*x + 1)*

sqrt(-cxx + 1), c*x)/x, %)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(atb*arccos(c*x))/x,x, algorithm="fricas")

[Out] integral((a*x~2*e + a*d + (b*x"2*e + b*d)*arccos(c*x))/x, Xx)
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a + bacos (cx)) (d + ex?) s

T

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x**2+d)*(at+b*acos(c*x))/x,x)
[Out] Integral((a + b*acos(c*x))*(d + e*xx*x2)/x, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*xx~2+d)*(atb*arccos(c*x))/x,x, algorithm="giac")
[Out] integrate((exx~2 + d)*(b*arccos(c*x) + a)/x, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (a + bacos(cx)) (ex? + d) i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*acos(c*x))*(d + e*xx~2))/x,x)

[Out] int(((a + b*acos(c*x))*(d + e*xx~2))/x, x)
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(d+ex?) (a+bArcCos(cr)) du

x2

3.21 [

Optimal. Leaf size=66

V1— 222
_bevl—cte? _ dla+ bArcCos(c)) + ez(a + bArcCos(cx)) + bed tanh™ <\/ 1 — c2z? )

C T

[Out] -dx(at+b*arccos(c*x))/x+exx*(at+b*arccos (c*x))+b*cxd*arctanh((-c~2*x"2+1)~(1/
2))-b*ex(-c~2*x"2+1)~(1/2) /c

Rubi [A]
time = 0.05, antiderivative size = 66, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.316,

steps used = 5, number of rules used = 6, integrand size = 19,
Rules used = {14, 4816, 457, 81, 65, 214}

bevV1 — c2z?

c

A
_d(a + bArcCos(cz)) + ex(a + bArcCos(cz)) + bed tanh ™ (\/m) —

X

Antiderivative was successfully verified.
[In] Int[((d + exx~2)*(a + bxArcCos[c*x]))/x"2,x]

[Out] -((b*e*Sqrt[1 - c~2*x72])/c) - (d*(a + b*ArcCos[c*x]))/x + e*x*(a + b*ArcCo
slc*x]) + b*ckdxArcTanh[Sqrt[1 - c™2%x~2]]

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c*x) m*u, x]
, Xx] /; FreeQ[{c, m}, x] &% SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 65

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*(m + 1) - 1)*x(c - a*x(d/b) +
dx(x"p/b))"n, x], x, (a + b*x)~(1/p)], x1] /; FreeQl{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, c, d, m, n, x]

Rule 81

Int[((a_.) + (b_.)*(x_))*((c_.) + (d_)*(x_))"(m_D*((e_.) + (£_)*x(x_))"(p
_.), x_Symbol] :> Simp[b*(c + d*x)"(n + 1)*((e + £f*xx)~(p + 1)/(d*f*(n + p +
2))), x] + Dist[(axd*fx(n + p + 2) - bx(d*xex(n + 1) + cxfx(p + 1)))/(d*fx*(
n+p+2), Int[(c + d*x)"n*x(e + £*x)7p, x], x] /; FreeQl{a, b, c, d, e, £
, n, pr, x] & NeQ[n + p + 2, 0]
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Rule 214

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 457

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_.)*((c_) + (d_.)*(x_)"(n_))"(q_.
), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)~p
x(c + d*x)"q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p, q}, x] && NeQ[
bxc - a*d, 0] && IntegerQ[Simplify[(m + 1)/n]]

Rule 4816

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((f_.)*(x_))"(m_.)*((d_) + (e_.)*(x_
)~"2)~(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x~2)"p, x]}, Dist
[a + bxArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c~2x
x~2], x], x], x]]1 /; FreeQ[{a, b, c, d, e, f, m}, x] && NeQ[c™2%d + e, 0] &
& IntegerQlp]l && (GtQLp, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 01))

Rubi steps
2 -1 -1
/(d+ex )(a—i;bcos (cx)) dxz_d(a+bcos (cx)) +ex(a+beos( bc)/ —d + ex?
x T xm
d(a + bcos™(cx)) . ( —d+ex
=— +ex(a+bcos (cz + = (bc)Subst —

— 22 -1
_ VI ot b ) | o)) - L

bevV1l—c2z?  d(a+bcos™(cx))

(bd)Subs
=— - +ezx(a+beos ' (cz)) + ———

Is T
1 — 212 -1
_ bev : z? d(a+ bc;)s (cz)) +ex(a+ beos™(cx)) + bed tanh”

Mathematica [A]
time = 0.05, size = 80, normalized size = 1.21

ad bev1l—c2z?2  bdArcCos(cz)
—— +aex — -
x c z

+ bexArcCos(czx) — bedlog(x) + bed log (1 + V1 — c2a? )

Antiderivative was successfully verified.

[In] Integrate[((d + e*x"2)*(a + b*ArcCos[c*x]))/x"2,x]
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[Out] -((a*d)/x) + axe*x - (b*exSqrt[l - c~2*x"2])/c - (b*d*ArcCos[c*x])/x + b*ex
xxArcCos[c*x] - b*c*d*Log[x] + b*c*d*Log[l + Sqrt[l - c™2xx~2]]

Maple [A]
time = 0.01, size = 79, normalized size = 1.20

method result

b<arccos(cz)ecm—arccosiczmc—e\/ —c2x2 + 1 +de? a,rctanh<1>>

—c2z?2 41

derivativedivides | ¢ =

b(arccos(cz)ecz—W—e\/ —c212 4+ 1 +de? arctanh<l>>

—c2z? 41

default c

c2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x~2+d)x*(at+b*arccos(c*x))/x~2,x,method=_RETURNVERBOSE)

[Out] c*x(a/c”2*%(e*xc*x—-d*c/x)+b/c”2*x(arccos (c*x)*e*c*x—arccos (c*x) *xdxc/x-e*x (-c~2%x
~2+1)~(1/2)+d*c~2*xarctanh(1/(-c™2*x~2+1)~(1/2))))

Maxima [A]
time = 0.49, size = 83, normalized size = 1.26

/—c272 cx arccos (cx) — vV —c2z? + 1 )be
(clog (2 C|;|U 1 |z|> - 7%0(:05 (Cw)>bd + are + ( - ) — %i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(atb*arccos(c*x))/x"2,x, algorithm="maxima")
[Out] (c*xlog(2*sqrt(-c~2*x~2 + 1)/abs(x) + 2/abs(x)) - arccos(c*x)/x)*b*d + axxxe

+ (c*x*arccos(c*x) - sqrt(-c”2xx"2 + 1))*bxe/c - axd/x

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 160 vs.
2(64) = 128.
time = 2.99, size = 160, normalized size = 2.42

be?dz log (v —c2z?+1 + 1) — bc*dz log (v -z +1 — 1) +2acz’e — 2V —c2z% + 1 bze — 2acd + 2 (bedz — bed + (bea? — bex)e) arccos (cx) — 2 (bedz — bewe) arctan <7"7”;ffjlﬂ)

2cz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(atb*arccos(c*x))/x"2,x, algorithm="fricas")

[Out] 1/2%(b*c”™2xd*x*log(sqrt(-c”2*x"2 + 1) + 1) - b*c~2*kd*x*xlog(sqrt(-c~2*x"2 +
1) - 1) + 2xaxc*x"2%e - 2*sqrt(-c”2#x72 + 1)*bkxxxe — 2%axcxd + 2% (b*ckd*x -
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bxckxd + (b*c*x™2 - b*c*x)*e)*arccos(c*x) — 2% (b*ckd*x - b*c*x*e)*arctan(sq
rt(-c”2*x"2 + 1)*c*x/(c”2*x"2 - 1)))/(c*x)

Sympy [A]
time = 2.36, size = 78, normalized size = 1.18

_ad vaez—bed| ! acosh () for ﬁ >1 _ bdacos (cz) +be % fore=0
T iasin (L)  otherwise z zacos (cx) — 7"_02352“ otherwise
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x**2+d)*(a+b*acos(c*x))/x**2,x)

[Out] -axd/x + a*exx - bxc*d*Piecewise((-acosh(1/(c*x)), 1/Abs(cx*2¥x*x*2) > 1), (
I*asin(1/(c*x)), True)) - bxdxacos(c*x)/x + bxexPiecewise((pi*x/2, Eq(c, 0)
), (x*acos(c*x) - sqrt(-c*x2*x*x2 + 1)/c, True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 859 vs. 2(62) =
124.
time = 0.73, size = 859, normalized size = 13.02

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(at+b*arccos(c*x))/x"2,x, algorithm="giac")

[Out] -b*c~2*d*arccos(c*x)/(c - (c™2%x"2 - 1)72%c/(c*xx + 1)74) + bxc™2xd*log(abs(
cxx + sqrt(-c”2*x72 + 1) + 1))/(c - (c™2*x"2 - 1)72*c/(c*x + 1)74) - b*c™2%
dxlog(abs(-c*x + sqrt(-c™2*x"2 + 1) - 1))/(c - (c™2*%x"2 - 1)72xc/(c*x + 1)~
4) - axc”2*%d/(c - (c72%x72 - 1)72xc/(cxx + 1)74) + 2%(c”2%x"2 - 1)*b*c”2*dx*
arccos(c*x)/((cxx + 1)72%(c - (c™2*%x72 - 1)72%c/(c*xx + 1)74)) + 2x(c™2*x"2
- 1)*xaxc”™2*%d/((cxx + 1)72%(c - (c™2%x72 - 1)72%c/(cxx + 1)74)) - (c™2*%x"2 -
1) "2%b*c~2*d*arccos (cxx)/((c*x + 1)74*x(c - (c™2*x"2 - 1)72xc/(c*x + 1)74))
+ bxexarccos(c*x)/(c - (c™2%x72 - 1)72%c/(c*xx + 1)74) - (c™2%x72 - 1)72%b*
c"2xdxlog(abs(c*x + sqrt(-c™2*xx"2 + 1) + 1))/((c*x + 1)74*(c - (c™2*x"2 - 1
)"2%c/(c*x + 1)74)) + (c™2%x"2 - 1) "2*%b*c~2*d*log(abs(-c*x + sqrt(-c~2*x"2
+ 1) - 1))/((c*x + 1)74*x(c - (c™2*x"2 - 1)"2%c/(c*x + 1)74)) - (c”2*x"2 - 1
) 2%axc”2xd/ ((cxx + 1)74x(c - (c™2%x"2 - 1)72xc/(cxx + 1)74)) + axe/(c - (c
“2%x72 - 1)72%c/(cxx + 1)74) + 2%(c”2*%x"2 - 1)*b*exarccos(c*x)/((c*x + 1)°2
x(c - (c72*x72 - 1)72%c/(c*x + 1)74)) - 2*sqrt(-c”2*x"2 + 1)*b*e/((c*x + 1)
*(c - (c72%x72 - 1)72%c/(cxx + 1)74)) + 2% (c™2*%x"2 - 1)*a*xe/((cxx + 1)72x(c
- (c™2*%x"2 - 1)"2xc/(c*x + 1)74)) + (c™2*x"2 - 1) " 2*xbxexarccos(c*x)/((c*x
+ 1)74%(c - (c72%x72 - 1)72xc/(c*xx + 1)74)) + 2%(-c™2*xx"2 + 1)~ (3/2)*b*xe/ ((
cxx + 1)73x(c - (c™2*x"2 - 1)"2xc/(c*xx + 1)74)) + (c™2*%x~2 - 1) 2xaxe/((c*x
+ 1)74x(c - (c72%x72 - 1)72*c/(c*x + 1)74))
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Mupad [B]
time = 0.38, size = 71, normalized size = 1.08

1 ) ~ bdacos(cz) a(d—ea?) be (\/1 —c2zr? — cxacos(cx))

bcdatanh
(\/1 — 2 x2

T T C

Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*acos(c*x))*(d + e*x"2))/x"2,x%)

[Out] b*c*d*atanh(1/(1 - c™2*x"2)~(1/2)) - (b*d*acos(c*x))/x - (ax(d - e*x”2))/x
- (bxex((1 - c™2%x~2)~(1/2) - c*x*acos(c*x)))/c
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(d+ex?) (a+bArcCos(cz)) du

x3

3.22 [

Optimal. Leaf size=119

bedv1 —c?x?  d(a + bArcCos(cz))

2z 212

1 I
-|-§ibeArcSin(cx)2—beArcSin(cx) log (1 — e4reSinem)) 4 e(q+bArcCos(

[Out] -1/2*d*(a+b*arccos(c*x))/x"2+1/2*Ixb*e*arcsin(c*x) ~2-b*e*arcsin(c*x)*1n(1-(
Ixckx+(-c™2xx"2+1) " (1/2)) ~2) +e* (a+b*arccos (c*x) ) *1n(x) +b*xe*arcsin(c*x) *1n(x
)+1/2*Ixbxe*xpolylog(2, (Ixcxx+(-c™2*x"2+1)~(1/2))~2)+1/2*b*c*d* (-c™2%x"2+1) "
(1/2)/x

Rubi [A]

time = 0.17, antiderivative size = 119, normalized size of antiderivative = 1.00, number of

steps used = 10, number of rules used = 10, integrand size = 19, number of rules _ ) 506
integrand size

Rules used = {14, 4816, 6874, 270, 2363, 4721, 3798, 2221, 2317, 2438}

_ d(a + bArcCos(cz))

2z2

bedv'1 — 2a?
2z

+ elog(z)(a + bArcCos(cz)) + %ibeLig (eZAreSinten)y 4 %ibeArcSin(cz)2 — beArcSin(cz) log (1 — e2ArSin() 4 pe log(z) ArcSin(cz) +

Antiderivative was successfully verified.
[In] Int[((d + e*x~2)*(a + bxArcCos[c*x]))/x"3,x]

[Out] (bxc*d*Sqrt[1 - c~2%x72])/(2*x) - (d*(a + b*ArcCos[c*x]))/(2*x"2) + (I/2)*b
xexArcSin[c*x] "2 - bxexArcSin[c*x]*Log[l - E~((2*I)*ArcSin[c*x])] + ex(a +
bxArcCos [c*x] ) *Log[x] + b*exArcSin[c*x]*Log[x] + (I/2)*bxexPolyLogl[2, E~((2
*I)*ArcSin[c*x])]

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_ )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 270

Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[(c*
x)"(m + 1)*((a + b*x"n)~(p + 1)/(a*cx(m + 1))), x] /; FreeQ[{a, b, ¢, m, n,
p}, x] && EqQ[(m + 1)/n + p + 1, 0] && NeQ[m, -1]

Rule 2221

Int [CC(F)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol]l :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Di
st [d* (m/ (bxfxg*n*Log[F])), Int[(c + d*x)~(m - 1)*Log[l + b*x((F~(g*x(e + f*x)
))"n/a)l, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]
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Rule 2317

Int[Logl(a_) + (b_.)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2363

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))/Sqrt[(d_) + (e_.)*(x_)"2], x_Symb
0l] :> Simp[ArcSin[Rt[-e, 2]*(x/Sqrt[d])]*((a + bxLoglc*x"n])/Rt[-e, 2]), x
] - Dist[bx(n/Rt[-e, 2]), Int[ArcSin[Rt[-e, 2]*(x/Sqrt[d])]1/x, x], x] /; Fr
eeQ[{a, b, c, d, e, n}, x] && GtQ[d, 0] && NegQ[el

Rule 2438

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 3798

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (£_.)*(x_)], x_Symbol
1 > Simp[I*((c + d*x)"(m + 1)/(d*(m + 1))), x] - Dist[2*I, Int[(c + d*x)"m
*E” (2%I*k*Pi) ¥ (E~(2xIx(e + f*x))/(1 + E~(2%I*k*Pi)*E~(2xI*x(e + f*x)))), x],
x] /; FreeQl{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 4721

Int[((a_.) + ArcSin[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Subst[Int[(
a + b*x) n*Cot[x], x], x, ArcSin[c*x]] /; FreeQ[{a, b, c}, x] && IGtQ[n, O]

Rule 4816

Int[((a_.) + ArcCos[(c_.)*(x_)I*(b_.))*((f_.)*(x_)) " (m_.)*((d_) + (e_.)*(x_
)"2)~(p_.), x_Symbol] :> With[{u = IntHide[(f*x) m*(d + e*x"2)"p, x]}, Dist
[a + b*ArcCos[c*x], u, x] + Dist[b*c, Int[SimplifyIntegrand[u/Sqrt[1 - c~2x%
x~2], x1, x], x1] /; FreeQ[{a, b, c, d, e, £, m}, x] && NeQ[c™2*d + e, 0] &
& IntegerQ[p] && (GtQ[p, 0] || (IGtQ[(m - 1)/2, 0] && LeQ[m + p, 0]1))

Rule 6874
Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

]

Rubi steps



d(a + beos™!(cx))

/ (d+ ex?) (a+ beos™(cz))

z3 212

- _ +e(a+bcos™ (cz)) log(z) + (be) / <_2x2—\/ﬁ

d(a + bcos™(cz))
222

_ _dat b;;)j (e2)) + e(a+ beos™ (cz)) log(z) — %(bcd)

bedvV1 — 222 d(a + beos™!(cx))
- 2z a 222

bedvV1 — 222 d(a + beos™!(cx))
- 2z a 222

bedv1 — 222 d(a+ beos(cx))
- 2z B 222

bedvV1 — 22?2 d(a + beos™!(cx))
- 2z h 222

bedv1 — 222 d(a+ beos(cx))
- 2z B 222

bedv1 — 222 d(a+ beos(cz))
- 2z a 222

Mathematica [A]
time = 0.10, size = 105, normalized size = 0.88

dx = — + e(a + beos™!(cz)) log(z) + (be)
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—5% + elog(.

V1 —c2x?
d

1
x2V1 — %
+ e(a+ beos™'(cz)) log(z) + besir

+ e(a+ beos™'(cz)) log(z) + besir

1
+ iibe sin™'(cz)? + e(a + beos™(c

1
+ iibe sin™*(cz)? — besin ! (cz) log
1

+ ~ibesin~(cx)? — besin™(cz) log

1
+ iibe sin™*(cz)? — besin ! (cz) log

ad — bedz V1 — 22 + ibex?ArcCos(cz)? + bArcCos(cz) (d — 2ex? log (1 + e?iArcCos(ee))) — 2gex? log(x) + ibex?PolyLog (2, —e?AreCos(er))

22
Antiderivative was successfully verified.

[In] Integratel[((d + e*x~2)*(a + bxArcCos[c*x]))/x"3,x]

[Out] -1/2%(a*xd - bkcxd*x*Sqrt[1 - c~2*x~2] + Ixb*e*xx~2xArcCos[c*x]~2 + b*ArcCos[

cxx]*(d - 2%e*xx"2xLog[l + E~((2*I)*ArcCos[c*x])]) - 2%a*e*x
exx~2xPolyLog[2, -E~((2*I)*ArcCos[c*x])])/x"2

Maple [A]
time = 1.38, size = 148, normalized size = 1.24

~2xLog[x] + I*bx*

method result

aeln(czx) ibe arccos(cz)? + idb + b/ —c?x? + 1 __ bdarccos(cx)
2

be arccos(cz) In (1

. . .. 2| _ _da
derivativedivides | ¢ 52,2 T — 2 2c2 e

2c2x? +
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(@) (ca)? 53 1 (@) be arccos(cz) In
2| _ _da aeln(cx _ ibe arccos(cz idb db\/ —C“T _ bd arccos(cx
default ¢ 2c2x2 + c? 2c2 + 2 + 2cx 2c2x? +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx~2+d)*(at+b*arccos(c*x))/x"3,x,method=_RETURNVERBOSE)

[Out] c~2x(-1/2*d*a/c”2/x"2+a/c”2*e*x1ln(c*x)-1/2*%I*b/c~2*xe*arccos (cxx) ~2+1/2*xI*d*b
+1/2%d*b/c/x* (-c™2*xx"2+1) " (1/2)-1/2*%b*d/c~2/x"2*arccos (c*x) +b/c~2xe*arccos (

c*x) *1n (1+(cxx+I*(-c™2*xx"2+1)~(1/2))~2)-1/2%I*b/c"2*e*polylog(2,-(c*x+I*(-c
"2xx"2+1)7(1/2))72))

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx~2+d)*(atb*arccos(c*x))/x~3,x, algorithm="maxima")

[Out] 1/2*%bxd*(sqrt(-c~2*x"2 + 1)*c/x - arccos(c*x)/x"2) + bxexintegrate(arctan2(
sqrt(c*x + 1)*sqrt(-c*x + 1), c*x)/x, x) + axexlog(x) - 1/2*axd/x"2

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x~2+d)*(atb*arccos(c*x))/x"3,x, algorithm="fricas")
[Out] integral((a*x~2*e + a*d + (b*x"2%*e + b*d)*arccos(c*x))/x"3, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

/ (a + bacos (cx)) (d + ex?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x**2+d)*(atb*acos(c*x))/x**3,x)

[Out] Integral((a + b*acos(c*x))*(d + e*x**2)/x**3, x)
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Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~2+d)*(at+b*arccos(c*x))/x"3,x, algorithm="giac")
g g g

[Out] integrate((exx~2 + d)*(b*arccos(c*x) + a)/x"3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (a +bacos(cz)) (ex? + d)
3 dz

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(((a + b*acos(c*x))*(d + e*x"2))/x"3,x)
[Out] int(((a + b*acos(c*x))*(d + e*xx~2))/x"3, x)
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(d+ex?) (a+bArcCos(cr)) du

x4

3.23 |

Optimal. Leaf size=85

— 272
bed V1 — %a” _d(a + bArcCos(cz)) _e(a+ bArcCos(cz)) 1, (¢*d+6e) tanh ™" (V1= c2a? )

622 33 T 6

[Out] -1/3%d*(a+b*arccos(c*x))/x"3-e*(atb*arccos(c*x))/x+1/6%b*cx(c~2*xd+6%e)*arct
anh ((-c™2*x~2+1)~(1/2) ) +1/6%b*c*d* (-c™2*x~2+1)~(1/2) /x"2

Rubi [A]
time = 0.06, antiderivative size = 85, normalized size of antiderivative = 1.00, number of

number of rules _ 0.368,
integrand size

steps used = 6, number of rules used = 7, integrand size = 19,
Rules used = {14, 4816, 12, 457, 79, 65, 214}

_d(a + bArcCos(cz))  e(a+ bArcCos(cz)) + lbc(czd 1 6e) tanh ™" ( =2 )
33 x 6

+ bedv'1 — c2x2

62

Antiderivative was successfully verified.
[In] Int[((d + ex